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Abstract

In this paper we study an incomplete data problem in which the data set at hand contains only
a strict subset of the list of variables relevant for an empirical analysis. The proposed method
presumes the existence of another data set which contains a subset of variables in the original
data set and the missing variables in the original data set. This assumption combined with a
parametric structural assumption and some joint variation assumption on the variables in the
auxiliary data set are shown to be sufficient to identify the effects of missing variables as well
as those of the non-missing variables in the parametric structural relationship for a wide variety
of problems. The main advantage of the framework we use here is that it extends the existing
method for linear-in-parameters models in the incomplete data literature to more general models.
General conditions under which the proposed estimators for the identified parameters exhibit

consistency and asymptotic normality are developed.
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1 Introduction

It is often the case that we do not have an ideal data set that contains all of the relevant variables
that should be used in an empirical piece of work. In some cases a set of relevant variables is
incompletely observed whilst in some other cases the variables are completely missing. As a
consequence, empirical studies based on analogous data might yield incomparable results because
the implicit models used are incomparable when the same variables in those data sets differ in
their definition or a different set of conditioning variables is used. The object of the present
research is to develop a general method that allows us to estimate a common model even when
an available data set may be incomplete in itself.

We consider a special case of incomplete data problems in which a data set at hand contains
only a strict subset of the list of variables relevant for empirical analysis. We tackle the problem
by assuming that there is another data set which contains a subset of variables in the original
data set as well as the missing variables in the original data set. We show that this assumption,
combined with a parametric structural assumption and some joint variation assumption on the
variables in the auxiliary data set, are often sufficient to identify the effects of missing variables as
well as those of the non-missing variables in the parametric structural relationship. We propose
estimators for the identified parameters and establish asymptotic properties of the estimators.

An empirical framework that allows one to consider a combination of two data sets may be
important for many applications. A survey of individual finances might have detailed information
on wealth but scarce information on consumption or labour market behavior. In fact, this is
the case in the BHPS survey in the UK and the PSID in the US. On the other hand budget
surveys, such as the CEX in the US and the FES in the UK, have rich information on individual
decisions but have little or poor quality information on wealth. Both types of data sets could
be complemented to estimate structural models in which both consumption and wealth are
the relevant variables. Birth certificate data, health surveys, or consumer scanner data may
be fruitfully combined with more general surveys as well to complement their general lack of
information on household income.

Analysis under missing observations is a significant research area. An analogous problem
to ours has been addressed and solved for the linear-in-parameter models by Glasser (1964),
Gourieroux and Monfort (1981), Angrist and Krueger (1992) and Arellano and Meghir (1992).! 2

See a useful survey by Little (1992) for early works®. For non-linear in parameter models various

'See Carroll and Weil (1994), Lusardi (1996), Currie and Yelowitz (1997) and Dee and Evans (1997) for
applications.
*Imbens and Lancaster (1994) study how to combine cross sectional data with information on (aggregate)

population moments. We assume however the existence of two micro data sets (i.e. both of them with individual

information).
3Early references also include Rubin (1974), which establishes maximum likelihood factorization methods



identification issues and estimation procedures have been insightfully discussed by Ridder and
Moffitt (2003). It is hard for to give sufficient conditions for global identification a very general
non-linear model (similarly to the identification in GMM non-linear model with complete data).

We develop a general framework that covers a wide class of non-linear models although the
aim of the paper is not to provide identification conditions for each model belonging to this
class. We discuss though the general conditions that are required to compute the identifying
moment condition with the incomplete data, and therefore to compute the estimators.

This level of generality allows one to establish the asymptotic distribution theory for a wide
class of estimators when two data sets are needed in the estimation including estimators for
linear and non-linear regression models, generalized method of moments (GMM) estimators
and the maximum likelihood estimators (MLE). The results we obtain differ from the previous
contributions in the literature because the sample analogue of the moment condition does not
need to be separable in observations belonging to each of both data sets.

In order to provide specific conditions for global identification, we focus on a subclass of
those non-linear models covered by the general framework by studying the identification of the
parametric and semiparametric binary discrete choice model. *

The identification results for the binary choice model complement the results of Manski and
Tamer (2003). They consider the binary choice model with non-missing regressors with one
incompletely observed regressor in the sense that the regressor value is known only to lie in an
interval. Without assuming access to a complementary data set, but assuming that the variable
affects the choice probability monotonically, they show identification of the effect of non-missing
variables only when there is a positive probability of complete data, otherwise they only achieve
partial identification. We show that for parametric models when there is a complementary data
set, we can allow for more than one missing exogenous (and discrete) variable and we provide
sufficient conditions under which coefficients of the missing regressors are identified. For the
semiparametric binary choice model, similar conditions are given to identify the coefficients of
the common regressors up to scale.

After explaining the framework of the incomplete data problem that we consider in section
2 we discuss identification issues and present a general estimation method in sections 3 and 4,
respectively. The asymptotic theory for this framework is established in section 5.Monte Carlo

dealing with missing data problems. These methods however do not allow one to identify the effect of the missing

regressor.

4Our problem shares some properties with the literature that uses additional samples to correct for the mea-
surement error in the regressors. The main difference with respect to our assumptions is that they do not assume
joint observation of the missmeasured and variable measured without error. This makes that identification needs
to rely on different conditions (See Hu and Ridder (2003), Chen, Hong and Tamer (2004), Schennach (2004)).



simulation results are presented and discussed in section 6. Section 7 concludes.

2 General Framework for Combining Two Data Sets

All random (column) vectors and their realizations are denoted by upper and corresponding lower
case letters respectively. Endogenous and exogenous random vectors are denoted by Y and X
with subscripts respectively. We assume access to two data sets, data sets 1 and 2. Data set 1
contains observations on the random vector (Y1, Y, X1, X.) and data set 2 contains observations
on the random vector (Y, Ya, X, X3). Assume that (Y7, Y., Yo, X1, X, X3) is needed to carry out
a standard empirical analysis. Let Z; = (Y1,Ye, X1), Z. = X., and Z = (Y2, X3)' be random
vectors of length my, m. and mg, respectively. Random vector Z. includes only those exogenous
variables that are common to both data sets and random vector Z5 includes those variables
that are exclusively observed in data set 2. The distribution of the missing variables in data
set 1 conditional on the common variables, in particular conditional on the common exogenous
variables, is assumed to be unknown but the second data set can be used to identify it. Thus,
the distribution of interest to be identified from data set 2 is the conditional distribution of Zs
given Z. which we assume is dominated almost surely in Z. by a fixed measure p so that there
is a conditional density y(z2|z.) for almost all z. in the support of Z..

We are interested in estimating the structural parameter g € © C RX defined via the
following moment conditions that can be computed with complete data (i.e. when Z;, 7. and
Zy are jointly observed in the same dataset)

E{(py(Z1, Zey Z2,0), pp(Z1, Ze, Za,0);0)| X1, Xe, Xo} = 0 almost surely in X1, Xo, X, iff 6 = 6§
(1)

However, if the data is incomplete and Z, = X, are the only exogenous variables in common
between both data sets, then we could only use conditional moments on Z.. The conditional
moment on the common exogenous regressors Z. that is directly implied by (1) can only be
computed with the data we have assumed we have access to if Zy and Z; are independent
conditional on Z.. Being able to write the moment condition is a necessary condition to identify
0y and without the mentioned conditional independence is not possible to do so, since the
conditional distribution of (Z1, Z2) given Z. cannot be identified from the incomplete data.
This conditional independence assumption is however a strong assumption which would impose
a strong restriction on the true value of the parameters 6.

An alternative to the conditional independence assumption, which is used in this work, is to
assume a conditional moment on Z, which can be computed with the incomplete data. Then,

we study the restrictions that need to be imposed on functions v, p, and p, in order for the



parameter that it is identified through the conditional moment on Z. with incomplete data to
be the same as the true value of the parameter that moment (1) identifies.

The general framework that we consider defines the structural parameter g € © C RX via
the following conditional moments given random vector Z., which are identified with incomplete
data:

E{h(Z1,Z:;0)|Z.} = 0 almost surely in Z, iff 6 = 6} (2)

where
h(z1,2¢:0) = ¥(qa(21, 2¢,0), qv(21, 2¢,0); 0) (3)
Bze0) = [ oyl e gl for = ad (4)

The function g (22]z.) is typically defined via 7 (22|2.). We motivate the formulation below but
first note that in general both functions ¢ cannot be interpreted as conditional mean functions
of p given Z. without further assumptions. This is because we do not use the conditional
distribution of Zs given Z. and Z; to integrate out Zs. This alternative is impossible with the
type of data we have assumed to have access to. Note that the moment conditions in (2) are
not the only moments that can be identified given the model with complete data and the data
sets in our hands.

Therefore, the identification problem we want to pursue in this paper is under which condi-
tions we can ensure that the value of the parameter that uniquely solves moment condition (1)
is the same as the parameter that solves the moment condition with incomplete data in (2) (i.e.
05 = 0p)

The framework in (2)—(3) covers general parametric conditional probability models, non-
linear regression models and some generalized method of moment (GMM) models by defining
for each particular case the form of functions 1, p, and p, and the variables that should be
included in 71, Z, and Z.

2.1 Parametric models

Suppose a parametric conditional probability model is specified by f (y1, e, y2|71, Zc, x2; 6). In-
tegrating out y2, the model implies a parametric model f (y1,ye|z1, Zc, x2;0). If there is no 7,
i.e. if all conditioning vector is observed jointly, then integrating out xo using g (z2|z.) would
yield a parametric conditional probability model for the data that it is observed in the first data

set f (y1,yelre; 0).> The moment condition that identifies the true value of the parameters 6y is

®The analogous likelihood can be formulated replacing the role of two data sets if in fact the data sets are

symmetric as formulated above.



the score of the likelihood function using the conditional probability model with complete data
f (y1,Yelxe, x2; 0) . Therefore, the h function in this case corresponds to the first order condition
of the maximum likelihood estimator (MLE) using the implied conditional probability model
f (y1, ye|xe; 0) for incomplete data® Let g (z2]z.) denote the density of X» given X, with respect
to pu. The functions defined for the general framework take that following forms to identify the

parameters imbedded in the conditional parametric model just outlined:

Pa (Y1, Yes Te, 250) = /Vof(yhyc,yzlwc,xz;@)dyz

Py (Y1, Ye, Tey w250) = /f(y17yc,y2’$c7$2;9)dy2

V(0 (50),0,(50) = pa(50)/py(50)
Qa(Y1, Yo, Te; 0) = /pa(yl,yc,xc,xz;9)9(x2!xc)du=Vef(yl,yc!xcﬂ)
WY1, Ye, xe; 0) = /pb(ylay07$07$250)9($2|~Tc)dﬂ:f(ylvyc’l'c;e)

h(y1,¥e,2e;0) = ¥ (qa(50),a(:50)) = Vof (y1,Yclwe; 0) /f (Y1, Yel2e; 0)

It is not clear if the original parameters are still identified after integrating out certain variables.

We explicitly address this issue for some specific cases in section 3.

2.2 GMM

Define Y = (Y1, Y, Y2) and X = (X1, X¢, X2)'. In a GMM framework, the structural parameter
0y is defined by

E (Y, X;0)|X] = 0 almost surely in X iff 6 = 6 (5)

where X is a set of instrumental variables and ¥ may have some exclusion restrictions so that
not all elements of X need to appear directly as arguments in ).
We assume that 1 takes the following form and some elements of Z. are excluded as argu-

ments:’

¢(2172c722;9) = ’(,Z)a(Zl,Zc,e) 7wb(zcvz279)' (6)
Under this separability assumption, the moment condition (5) can be integrated out to become

EW(2y, Ze, Z9;0)| Ze] = E [po(Z1, Ze3 0)| Ze] — E |py(Ze, Z230)| Zc] (7)

SWe assume f (y1, ye|xe, ) to be dominated for each @ in its neighborhood by an integrable function with finite

integral so that integration and differentiation can be interchanged.
"For notational convenience the following expression changes the location of arguments in function T



and each term on the right-hand side can be examined using the two data sets at hand (See
Ridder and Moffitt (2003)).

In this formulation®

h(z1,2¢,0) = qa(21,2¢;0) — qp(2¢;0)
Gol21,26;0) = / P21, 76 0)g(2al7e)dza = pa(21, 726:0)
Qb(zc;e) = E[pb(ZmZ2;9)|Zc]

2.2.1 Non-linear regression

As an example of the GMM model with incomplete data, let consider the nonlinear regression
model.

In this model there is no Y, or Y5 and again assume that we always observe the regressor
distribution so that there is no X;. We consider here the asymmetric case where the only
endogenous variable is exclusively observed in data set 1 so that Z; = Y1; Z. = X, and Z5 = Xo.
The parametric form of the conditional mean function is so that E (Y1|X., X2) = m(X,, X2;00).
The non-linear regression model obviously satisfies the separability condition mentioned above
and using the previous notation ¥,(Z1, Z,0) = ¥,(Z1) = Y1 and ¥y (Z¢, Z2,0) = m(X., X2;6p).

Since
E(Y1|X,) = E[m(Xe, X2;00)| X (8)

the parametric conditional mean function is now E [m(X,, X2;60)|X.] and it is computable since

we assume that the joint distribution of (X., X2) can be estimated. Note that even when

a subset of variables in X, does not appear in the function m (X., X»;0), it may appear in

E [m(X., X2;0)|X.| as it may be correlated with X5. As pointed out by Angrist and Krueger

(1992) and Arellano and Meghir (1992), this can help identification of 6y as discussed below.
The h function corresponding to the moment condition above is then

h(Y1,Xe;0) = Y1 — E[m(Xe, X2;60)| X.]

The moment condition in (8) identifies fp through the mean independence of the error
in the regression with the common regressors. However, there might be additional moment
conditions that identify the parameters where function h should be defined in alternative ways.

In particular, for the non-linear regression model, the true value of the parameter 6y uniquely

8We could also forumulate

h(ze,22;0) = E[To (Z1,Zc;0) | Ze] — Tb (2c, 22;0) .



solves the first order condition of the non-linear least squares objective function using the implied
conditional mean function: using the same notation for g (z2|z.), the function h is defined as

follows in this case

Pa (ylva‘C’l‘Qa = (yl*m(l'ml?;e))

pp(Te, 1250) = Vom (¢, x2;0)

0)
0)

w(pa (?/1733&95230)7%('%79527 ) ) = pa ylaxwx?v ) pb(x07x270)
0)

- <y1 /m T, x2;0) g (x2|2C) d,u)

b (l'c; 9) = F [VOm(Xm Xo; 9)|Xc = fEc] = /ng (:Ec’ €23 9) g ($2|5L'c) dp
h(y1,2e;0) = ¥(qa(y1,7:0),9(2c:0);0) = qo (y1,2c;0) - q(2c50)

(yl;xm

Thus, for a given model, there are alternative identifying moment conditions (which can be
conditional or unconditional on the common exogenous regressors’) by defining in a different
way the functions v, p, and py,.

3 Identification Conditions

The conditions under which the global identification of 6y holds in (2) are specific to each model.

3.1 Parametric models

Let © C RP be the parameter space. A well known identification condition for this case is that
within the parametric model the only probability distribution replicating the distribution of the

data corresponds to the one with the true parameter: namely, for any 0 € ©

/ o1, 2es 22, 0)g (2l 20 dpt = / P21, 2es 22, 0°)g (22]2c)dpt almost surely in (Z1,2)  (9)

if and only if 0 = 0y and where py(21, z¢, 22,0) = f (Y1, Ye|Tc, 23 0).

The linear regression model with incomplete data where m(X,, X2,0) = X 01 + X}02 iden-
tifies 0° if and only if E(X5|X.) is a nonlinear function of X, and there is no proper linear
subspace of R™ having probability one under the probability distribution of X,. ' Regarding
identification of the nonlinear regression models and the nonlinear GMM models, sufficient con-

ditions need to be given in each particular case to guarantee that global identification holds in

In the general definition for the estimators we use unconditional moments.
10Note that this sufficient condition for identification is implicitely excluding nonlinear functions of X, in the

conditional mean model E(Y1|X., X2;6).



the complete data model and also, when Zs is integrated out, in the incomplete data model. !

We investigate sufficient conditions under which condition (9) holds for the parametric and

semiparametric binary choice models.'?

3.1.1 Identification conditions for the binary choice model

Let 0 = (a, e )' € O be the parameters of the model and let the corresponding greek letters
with the subscript 0 denote the true value. Let d; and do denote the number of elements in G

and +, respectively. Consider the following model:
Y = oo + X0y + Xyyg+ U > 0} (10)

where we denote X = (X, Xé)'. The number of elements in X is denoted by d = di + do.
We consider the following two different sets of stochastic restrictions on the errors U, which
define respectively a parametric and a semiparametric binary choice model. Let F(.|z.,x2)

denote the distribution function of U conditional on X. = x, and Xy = xs.

Assumption A. 1 U and X are statistically independent, the median of U is zero and F(.|x)

18 known and strictly increasing.
In this case we denote F'(:|z) as F ().
Assumption A. 2 U conditional on X has zero median.

Many empirical studies adopt Assumption A.1 with the logistic or normal cumulative dis-
tribution function F. With complete data the parameter 0y is identified as long as no proper
linear subspace of R? includes the support of X almost surely in X and the distribution of X is
tight and F is strictly monotonic.'® This is no longer the case when not all of the regressors are

" Sufficient conditions for global identification in nonlinear-in-parameters models are difficult to obtain (Newey
and McFadden (1994)). See Rothenberg (1971) for sufficient conditions for local identification in a neighborhood

of 6° in nonlinear IV models.
"2Tn the rest of the paper, we consider that p,(z1,z2c,22;0) is parametrically specified. Let q(z1,2.) =

fp(zl,zc,zz)g(zz|zc)d22 . The discussion about nonparametric identification of unknown function p(z1, ze, 22)
from the identified functions q(z1, z.) and g(z2|z.), is beyond the scope of this paper. However, there exist some
results that are interesting to be considered in the incomplete data framework. If p(Z1, Zc, Z2) = E(Z1|Z¢, Z2)
and Z. has some exclusion restriction, the results from Newey and Powell (2003) can be applied and the con-
ditional mean function is nonparametrically identified as long as g(z2|z.) satisfies the completeness assump-
tion. Without assuming exclusion restrictions in Z., Cross and Manski (2002) and Horowitz and Manski (1995)
derive partial nonparametric identification results with the assumed data at our hand for the conditional cdf
0(Z1,Ze, Z2) = F(Z1|Z., Z2) and consequently, partial nonparametric identification for E(Z1|Z., Z2).

130ne could weaken this further by writing conditions explicitly in terms of the support of X’6 and that of U.



jointly observed with the dependent variable Y. Even for the parametric case one would need
to impose stronger restrictions on the support of X.

We assume below that data set 1 includes variables (Y, X.) and the second data set includes
variables X.

The identification condition under the parametric model is that ,for any § € ©, and for a

given F (-|z¢, x2) satisfying Assumption A.1

/F (a+ XefB + 257) g(a2| Xe)du = /F (a0 + XeBo + 2h70) g(a2| Xe)dp (11)

a.s. in X, if and only if & = 0y. Note that if there is no complementary data we would have
to show identification without assuming that we have the same g function on both sides since
g would be unknown in this case. For the semiparametric case, the identification condition
becomes, for any 6 € © and for a given Fj (-|z¢, z2) and any F (-|x., x2) satisfying Assumption

A2
/F (04 + X+ 2| Xe, 5L“2) g(z2|Xe)dp = /FO (Oz() + Xcfo + 33/2'70’Xc-5@) g(@2| Xe)dp  (12)

a.s. in X, if and only if § = 6.

Parametric Binary Choice Model The following assumptions are made for identification

of By:
Assumption A. 3 O is a bounded set in R,

This assumption limits the potential effect of the missing regressors.
Assumption A. 4 Random vector Xo| X, is tight uniformly over X,

The complement of a set A is denoted by A°. Let S7 denote the support of X..

Assumption A. 5 There is at least one element of X, that has unbounded support given each

of the other regressors.

This condition allows us to find proper variation in X, regardless of the missing variables.

The following result complements the results of Manski and Tamer (2003). When we have
a complementary data in the parametric case, multiple missing regressors are allowed and all
regressors can be unbounded. Analogous result which complements their result for the semi-

parametric case is also given below.



Theorem 1 When there is complementary data to estimate the distribution of Xa given X, B,
of the parametric binary choice model defined by equation (10) is identified if Assumptions A.1
and A.3-A.5 hold.

Proof. Suppose equality (11) holds. Since X5 given X, is uniformly tight on X, for any ¢ > 0,
there is a uniformly bounded subsets Qg (z.) of the support of X2 given X, for almost all z, in
the support of X, with Pr{Xs € Qs (z.) |X. = 2.} > 1 — . Note that we have

" /Q (Xe) [P {0+ Xeff + 27) = F (00 + Xefo + 270) ] g2l Xe)dp
2 c
+ /QC(X ) [F (o + XcB + ahy) — F (a0 + XeBg + 2h70) | 92| Xe)dp
2 c

almost surely in X.. Since F' is a CDF, the absolute value of the second term on the right-hand
side is bounded by 2¢ almost surely in X,. If the coefficients on a regressor in X, are different,
then since 6 lies on a bounded set (Assumption A.3) and Qg (z.) is uniformly bounded, the
difference between a+ .0+ x5y and ap+x.5y+ 57, can be made positive or negative uniformly
over x2 and v by moving the regressor under consideration but holding other variables in X,
fixed, because xo and « are uniformly bounded on Q9 (X.) and ©. This together with strict
monotonicity of F, leads to a contradiction as € > 0 can be chosen arbitrarily to be small. m
Next we turn to identification of ag and 7,. We assume that 3, is identified so henceforth

denote s = x.3,. The problem now is to show that for any o and v

/F (o + s+ ahy) g(ao| Xe)dp = /F (a0 + s+ xy79) 92| Xc)dp (13)

a.s. in X, if and only if & = ap and v = .
When Z5 is a random variable which takes on two values, 1 and 2, we can reparametrize the

model so that the problem is to identify a; and as when almost surely in X,
F (a1 +s)g(1|Xe) + F (a2 +5) g (2|1 Xe) = F (o) +5) g(1|Xe) + F (ahy + ) g (2| Xe) -

This implies that

g(2|Xe) F(ar+s)—F (o] +5s)

g(11Xe)  F(ay+s) = F(az+s)

Therefore the two parameter combinations we need to consider are oy > o} and a2 < o4 and
a1 < o) and ag > of. Without any loss in generality, consider the first case. In this case, we
have

F(ay+s)—F(az+s)
F(ai+s)—F(d)+s)+F(ay+s)—F(az+s)

g (1X,) =

10



Note that the right-hand side defines a parametric model of the conditional probability g (1]|X.)
as a function of s using parameters aq, o}, e and of with parameter restrictions oy > o} and
ay < o. Thus the identification condition is that ¢ (1|/X,) is not within this parametric model.
This is certainly the case if there is a variable among X, that does not appear in s.

More generally the following identification result holds:

Theorem 2 If g (1|X.) is not an element of the parametric model expressed by

F(ay+s)—F(az+s) ‘
Flai+s)—F(d)+s)+ F(ah+s)—F(az+s)

g (1]Xe) =
where a1 > o) and ag < o for the case of binary variable Xo and by

g(1]X)
—AF (ag + s) — [AF (aa + 5) — AF (ag + )] g(2| X)) — - - -
—[AF (a1 +8) — AF (. + 9)] g (k — 1] X,)
[AF (a1 + 8) — AF (g + 9)]

where numbering of the regressors follow the order of o; — oz;- and that oy > o and oy, < a, for

the case of general discrete vector Xa, then ag and vy, are identified.

Proof. The binary case is shown above. Suppose for some integer k£ > 3 almost surely in X,

F(a1+s)g(1|Xe) + -+ F(ar+5) g (k| Xe) = F (o] + ) g(1| Xe) + -+ F (o), +5) g (k| Xe) -

Without any loss in generality, assume that oy > o and ax < o and that the index is ordered

in decreasing order of oj — o;. If this is not the case the equality will not hold almost surely in

/
:
X.. Let AF (oj +s) be F'(oj+s) — F <a;~ + s). Since ¢ (j]X.) over j sum to 1, we have

[AF (a1 +s) — AF (ap +9)] 9(1| Xe) + -+ - + [AF (og—1 + 5) — AF (ag + 5)] g (k — 1|1 X)) = —AF (ag + s)

Note that AF (a1 + ) — AF (o + s) > 0 so that

g(1[Xe)
—AF (ag + s) — [AF (ag + s) — AF (o + 8)] 9(2| X)) — -+ -
[AF (g + ) — AF (g + 5)] g (5 — 11X.)
[AF (Oq + S) — AF (ak + 8)]

In the analysis above, we have allowed a free parameter for each value of Xo. If there are
restrictions across different values of X5 the identification result certainly holds.

For a more general regressor case, we have the following result:

11



Theorem 3 Suppose for any 6 not equal to 0 there is a subset in the support of X. with positive
probability such that holding s constant, the distribution of X456 given X. = x. stochastically
dominates or dominated by that of X456 given X, = x.. Then ag and 7, are identified.

The condition does not hold if X5 is collinear. Clearly the condition is more easily to be
satisfied if there are excluded variables that are closely tied to Xos.
Proof. For any v and 7, take such a subset specified by the assumption for 6 = v — 7.
Without any loss of generality suppose there is a positive probability that X536 given X, = z,
stochastically dominates that of X%6 given X, = z. holding s. Then over this set, equation (13)
cannot hold almost surely in X, thus leading to a contradiction. Thus v = 7, which in turn
implies that o = ag. =

If one is willing to make exclusion restrictions assumptions, then the identification does not
need to rely on assumptions A.4 and A.5 on the support of the regressors. Thus, let consider the
vector of exogenous common regressors as divided in two subvectors: X, = {XC, Z¢} where X,
is the vector included in the conditional parametric model and X¢ is the exclusion restriction.
The following theorem allows for the possibility of the common regressors to be discrete and the

missing regressors to be continuous.

Theorem 4 If there is a subset in the support of X. denoted by Qz, with positive probability
such that ,holding T. constant, the distribution of Xo given X. = x. stochastically dominates or
dominated by that of Xo given X, = Z. for {x¢,Tc} € Qz,. Then Oy is identified.

Proof.
[ [F (a4 8-+ ) = F (a0 + 306y + 570)] g(walac)du = 0

and then consider another observation of the common regressors where only the value of the

excluded variable changes (i.e. T, = {Z¢, z&}) so that

/ [F (o408 + xyy) — F (ao + 3.8y + 2570)] g(a2|Te)dp = 0

If there exist observations x. and Z. such that g(z3|x.) dominates or is dominated by g(z2|Z.),
then the above equality cannot hold for both observations z. and Z. by the definition of first-
order stochastic dominance. Note that either [F'(«+ Z.0 + 24y) — F (o + ZLBo + 247)] or
[F (g + T8¢ + xhyy) — F (o + ZLB + xhyy)] must be an increasing function of z2, so that in one

of the cases the first-order stochastic definition applies and identification is achieved. m
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Semiparametric Binary Choice Model For the semiparametric case, as we discussed,
the identification condition is, for any 6§ € © and for a given Fy (-|xc, z2) and any F (-|z, x2)
satisfying Assumption A.2

/F (04 + X8+ fL'/2'7|XCa 5L“2) g(zo| Xe)dp = /FO (Oz() + XeBo + 33/2'70’XC'5E2) g($2’XC)dN (14)

a.s. in X, if and only if & = 0y. The approach in the parametric model above fails because now
we can choose F' as well. However, an analogous result for 3, holds once one of the coeflicients

of X, is normalized to 1.14

Theorem 5 When there is complementary data to estimate the distribution of Xo given X,
after normalizing one of the coefficients to 1, By of the semiparametric binary choice model
defined by equation (10) is identified if Assumptions A.2 and A.3-A.5 hold.

Proof. Proceed identically to the point at which we obtain the inequality between a+ .3+ 57y
and ap + z.0y + 247y uniformly over x3 and . By adjusting the regressor whose coefficient is
normalized to 1, we can make 0 lie between the two. This leads to a contradiction as € > 0 can
be chosen to be arbitrarily small. m

4 Estimation

Let N1 be the sample size of data set 1 and No be the sample size of data set 2 and p the
dimension of the vector of parameters. Let {2z, € R ™ ,Qz € R™ Qg € R™,0 € RP.
Let I'; be a Banach space of functions on R™ x R™¢ x ©. Let I'y, be a Banach space of
functions on I'y x I'y x ©. Formally, functions ¢,(Z1, Z.,0) and q,(Z1, Z.,0) are functions from
Oz, xQz, xOinto R, and (qa(Z1, Ze, 0), ap(Z1, Zc,0); 6) is a mapping from g, (.) X gp(.) X O into
RS with S > p, where {qa, @} € T'y. S denotes the number of moment conditions. We consider
the sup-norm for the space of functions I' denoted by ||. || .

Define the sample analogue of the moment condition in (2) as

Ny
. A 1 R ) A
H(qNg,a(-+0),dn, (-, 0)) = N, >INyt (G a (210, 2eis 0), ANy b(214 2ei, 0);6) = O (15)
=1
where
4Ny,5 (2135 2¢i, 0) = /Pj(zluzci,@;@)gNz (22|2ci)dze for j = {a, b} (16)

and the trimming indicator!®

'4See Manski (1985) for the identification of this model in the complete data framework.
"We consider a fixed trimming term which does not change with the sample size, unlike in Robinson (1988).
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Ini=1 {le (2e5) > b} (17)

In what follows, we omit the dependence of the estimators f and g of the sample sizes used
for their estimation.

Our estimator solves the following problem
0 = inf H(0,Ga(.,0),d(.,0)) x W x H(0,Ga(.,0),d(.,0)) (18)

where W is a S x S matrix that converges in probability to a positive definite matrix W .16

Under the assumption that both regressors Z. and Z3 are continuous, and substituting
g(2z2|2z.) by its kernel nonparametric conditional density estimation, we obtain the following
expression for the estimators of the ¢ functions evaluated at the ¢ — th observation

(=) R Cr) 2 (552) 1 = oy
(o) 52 ()

4i (214, 2ci, 0) = /Pj(Zu,Zci,Z%Q)

If, among other assumptions'?, the s — th derivatives of 1) with respect to z, are continuous
and the kernel function is of order s (such that [ k(u)du =1, [k(u)u/du =0 for < j < s—1 and
[ k(u)u®du = 0), then the usual change of variable of t = (22 — z2,)/hn, in the above integral
leads to

N- . 3 . . Rer —Zci
L ez s O (S55) e )

—1
= (Nh%f;) M Ky (Qc,;;z )
2

The estimator we propose here for the moment condition is a weighted average of the func-

4 (2145 2ciy 0) = (Nh%) B

tion p; where observations from both data sets are combined. For each possible combination
of observations i from the first data set and r from the second data set, the kernel function
gives more importance to those combinations in which the corresponding values of the common

variable in both data sets are closer to each other.

6Note that the estimator 6§ and H are function of both sample sizes n and N. The estimates of ¢ and g are
obtained from the data set 2, so that they are a function of NV only. We ignore the different subindices for simplicity

in the notation.
'"We provide detailed conditions in Section (5).
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If the distribution of Zs given Z,. is discrete where Z, takes R possible different values

{v1,...,vR}, the sample analogue of the estimators for ¢;, j = {a, b} are then

R
(21, 2ci, 0) = ij(zli7 Zeis Vs3 0) Py (Z2 = vs|2¢i)

s=1
where

Zer —Zci

N . N: — r—Zci
~ B Ny (2eil Zo = vs) Py (Z2 = vs) 221 Wz = v} K < hiv, >
Py, (Zy = vs|2ei) = - = N _

P (ei) TN i (;l)

hny

In what follows, we present some examples of particular estimators.

Consider the linear regression model as a particular case of the nonlinear regression models
explained in Section (2.2.1) with m(X,, X2;60%) = X269 + X463. The moment conditions of the
linear regression model'® with incomplete data identify the true value of the parameters 0y as
long as the conditional mean of E(X3|X,) is nonlinear in X.. These moment conditions suggest

to estimate #° from the following regression'”

Y1i = .%/6101 + EN2(X2|XC = .I‘Ci)/eg 4+wv; fori=1,..., Ny (20)
N !
v o= i (2 — E(Xo| X, = 2ai)) 05 + <E(X2]Xc = 2ei) — B, (Xo| X, = x)) 6, (21)

where E(U|X.) = 0 and EN2 (X2| X, = x) is a nonparametric estimation of the mean of
X5 using data set 2 conditional on each observation of the common regressors x.; of data set
1,i = {1,...,N1}. In order for the OLS estimates of #° from (20) to be consistent, we need to
impose conditions that guarantee that for the generated regressor N% vazll EN2 (Xo| X = z¢i) v;
converges to zero in probability. The consistency of the nonparametric conditional mean and
the nonlinearity of E(X2|X.) in X, ensure that these conditions are satisfied.

Alternatively, the same linear regression model suggests to estimate 6° from the following

regression

ENl (Y1|XC = .I‘Ci) = .I::iel + ENQ(X2|XC = .I‘Ci)leg +wv;fori=1,...,Nq (22)
v; = (B(X2|Xe = z¢) — ENQ (X2|Xe = 26))'02 — (BE(Y1| X = 26i) — ENl V1| Xe = 20))

E<(Y1—91Xc—92E(X2|Xc))< E()?CQC\X) )) =0iff 9 =6°

19The sub-indices in the expectations denote the sample size of the dataset in which each conditional mean is

computed.
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If the conditional mean of X, given X, is linear in X, (as it is the case when both are
jointly normal distributed), in order for the model to separately identify 69 and 69 the vector
of regressors X. needs to have some exclusion restrictions. For this additive model in the error
term U, the separability conditions discussed in the GMM section are automatically satisfied.
Denote X, as a strict subset of X,. Again, the linear regression model with the conditional mean
independence F(U|X.) = 0 suggests to estimate the parameters from regression (20) where some
variables in X, are excluded in the linear part.

Therefore, when X enters linearly in the model, the estimated parameters are obtained
through the imputation of X using its estimated conditional mean given the common variables
X, in both data sets.

The way X5 is imputed using the observations of the common regressor X, explains the
differences between the estimator proposed by Arellano and Meghir (1992) and the one we
propose here. They suggest to obtain an imputed value of the missing regressor by estimating
the best linear prediction of X5 given the common regressors X.. Thus, they obtain their

estimates from the following regression

yii = Tt + EX, (Xo|Xe = 24)00 +v; for i =1,.., Ny (23)
v = u;+ 02 (v — EY(Xo|Xe =) + 62 <E*(X2|Xc = T¢i) — EA?Vz(XﬂXC - xc’)> (24)

where E*(X2|X. = z.) is the best linear predictor of Xy given a particular realization of
X,. It is important to point out that even if the structural equation that relates X, with X, is
nonlinear, the best linear prediction of X5 given X, allows one to obtain consistent estimates
of the parameters of interest . This becomes clear when the correlation of X. with each of the
terms in v in (24) is analyzed.

The definition of the best linear predictor E*(X32|X. = x.) defines an error ¢ = xp —
E*(X2|X. = z.), which by definition is uncorrelated with z. and E7V2 (X2| X, = z.).2Y Addition-
ally, the consistent estimation of the best linear predictor ensures, by the law of large numbers,
that the third term in v is not correlated with x.. In terms of consistency then, there is no obvious
advantage of using the nonparametric estimator of E(X2|X,) instead of its linear projection, even

if true conditional mean of X5 is non-linear in X.. However, it is not difficult to think of cases

20Gince

B('Xc) = B([X2 — E"(X2|Xo)]' Xe) =
E([X2 — XE(X.X.) ' E(X.X5)] X)) =0

and

E(e'Xo(X!Xe) ' X1 X2) =0
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of nonlinear relationships of between X9 and X, where Var(X,; — Ex, (Xo|Xe = x0)| X = x0)
is higher than Var(Xs — E’N2 (X2|X. = )| X = ). For these cases, this would result in a
higher efficiency of the estimator that approximates nonparametrically the conditional mean of
X5 given X,.

The estimator obtained from the linear imputation method in (23) coincides with a two-stage
least-squares estimator, where the first step uses observations from an auxiliary data set.

For the linear model with exclusion restrictions (and in general, for any given model), there
is a number of different ways to write estimators for the parameters that this model identifies.
For example, for the linear GMM model above defined from the moment condition E(U|X. =
z.) = 0, Angrist and Krueger (1992) suggest the following alternative to the two-sample two-
stage estimators discussed above. The sample analogue of the moment condition E(U'X.) = 0
suggests the following estimator which is denoted in the literature of combining data sets as
Two-Sample IV estimator (2SIV)

) . 1 ; 1 / "o
9 = argmin (Fl(yl — Xen, 01) Xeny — N (Xon,02) Xch) X Oty X (25)
1 ~ 1 '
X (E(Yl — Xen, 1) Xen, — N (Xon,02) Xch) (26)

where Qy,n, is a matrix which converges to a non-singular positive definite matrix €.2!
The sub-indices N7 and N denote that the variable is taken from data set 1 or data set 2,
respectively.

Since the moment condition is separable in Y7 and Xo, the first part of this moment condition
can be estimated using only the observations in data set 1 with sample size N; and the second
part using data set 2 with sample size No. This estimator computes each of the sample analogue
moments imbedded in criterion function with the observations of that data set that allows us to
compute this moment. Hence, for example, the sample analogue of moment F(X}X.) is fully
computed with observations in data set 2. However, there is an alternative estimation of this
moment that combines both samples. Therefore, instead of computing moment E(X}X,), the
estimator we have defined in (15) suggests to compute the sample analogue of the objective
function by estimating E(E(X}|X.)X,.) using both data sets. Data set 2 is used to estimate
nonparametrically the inner conditional mean and data set 1 is used to compute the outer
expectation. In this way, we can link the estimation of this moment with the observations
in data set 1 by conditioning on each observation there. This way of computing the sample
analogue of the moment condition turns out to be more efficient than the estimator proposed by
Angrist and Krueger (1992) in the Monte Carlo simulations we have performed in this paper.

21 This weigthing matrix can be computed either using only dataset 1 or only using dataset 2 or both. That is
the reason for the double sub-index Niand N.
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Although the previous studies have focused on linear models which directly imputes the value
of Zy and replace it by its estimated conditional mean given Z., the idea behind the Two-sample

IV estimator can be extended to nonlinear models too as long as they are separable as in (6).

First, consider the following moment conditions implied by (7): E [Z.. (p,(Z1, Zc;0) — py(Ze, Z2;0))] =

0. As it happened for the linear GMM model, there are different alternatives to construct the
sample analogue of these unconditional moments with the data assumed at our hand. The first
alternative computes the sample analogue of above expectation with that data set having full

information on the variables inside each expectation. That it is, a valid estimator of 8° solves

inf H(0)WH(0) (27)
€e
S o3
with H(@) = AT Zéipa(zli7 Zciy 0) BEENA Zérpb(zcr7 221, 0) (28)
M= N2 i

The alternative estimator we propose is derived from expression (15). Thus, using the law of
iterated expectations, we provide an alternative method of computing the sample analogues of
moments associated with p, which uses also the information on Z,. in data set 1. In other words, it
constructs a sample analogue of the conditional expectation Ez, (E (Z.py(Ze, Z2,0)| Z.)) where
the inner expectation is nonparametrically estimated using data set 2 and the outer expectation
uses observations in data set 1. Thus, the sample analogue of the moment condition is as follows

Ny
1
H0) = 3 S Zipalatis 20 0) le [ s 0aslzeds
=1

or alternatively, once the bias associated to the estimation of g(s|z.;) has been controlled for,

~

H(0) (29)
N1 N1 N2 mC 'pb(zci,ZQT,e)K (M>
h Cct hN2
= ZeiPa\Z 7,7267,7 - 30
N Z C’Lp 1 ]\71 N2 ;; f(zci) ( )

with f(ze) = (V1) 5502, K (22

hny

Alternatively, using unconditional moment condition, one can propose estimators of 6y by us-

ing the FOC of the sample analogue of the objective function £ 21, 7.,0)— FE Ty Z:0)| Z:))?
g p g J pa 9 ) Pb 9 )

that the true value of the parameter uniquely minimises, where F (p,(Z., Z2;0)|Z.) is estimated
using data set 2 for each conditioning observation of Z,. in data set 1. Thus, as mentioned before,
given the moment condition F(p,(Z1, Z.) — py(Ze, Z2)|Z:) = 0, there is a wide variety of valid

estimators of the parameters that can be constructed using different ways of building the sample
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analogue of this moment condition. It is difficult to determine a priori which of these estima-
tors is the most efficient. Our conjecture is that those estimators that use the law of iterated
expectations to condition on observations of data set 1 are more efficient than those estimators
that construct some sample analogues of moments using only data set 2. This is confirmed in
the Monte Carlo simulation that we perform in this paper. Unfortunately, there is no result in
this framework of incomplete data which can provide us with that estimator that attains the
semiparametric efficiency bound. This constitutes an interesting topic for future research.
Regarding the Maximum Likelihood estimator, consider the parametric conditional proba-

bility model f(yi|z, x2;0). The ML estimator can be defined by considering the score of the log
likelihood of the model with incomplete data, i.e. log/f(yllxc,xg; 0)g(x2|ze)dzy . Thus, we

define 6 as that value that solves

AR g [Wf(yhkﬁcwﬂfzm //f Y1i|ei, T2; 0)§ (2| ei) d:@] K, <%> .
Ni;;(NMW> Z; <N%@) (hw ) +O(hy,) =0
(31)

And replacing § by its nonparametric estimation, finally we have that the ML estimator 0

solves

LN 1 VGf(y1i|fE1i,ZB2r,9)K1 (M)

hy

ny = ; _
S (V)R (il v, 0 (B2

1
niN

+O0(h%,) =0

5 Asymptotic Normality

In the theorem of this section, we state the sufficient conditions to show asymptotic normality
of 6. Newey and McFadden (1994) discuss the asymptotic behavior for general two-step semi-
parametric estimators. We apply those general results for the case in which the first step is a
kernel nonparametric estimator obtained from a different data set and the equation that defines
the estimator does not depend linearly on the kernel estimator. We assume that both data sets
are independent which makes the derivation of the asymptotics more straight forward.??

To motivate the asymptotic results, consider a Taylor’s series expansion for 0 around 0¢ from

22The case of independent samples is the typical situation that we face. It is very unlikely that there are
common observations in both data sets. However, in this hypothetical case, one could identify the parameters
using the observations that are in common and our conjecture is that there are some efficiency gains that would
arise from these common observations. Also, the estimators would be different to the ones we present in this

section.
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the FOC of the objective function in (18)

VRN, (0-00) =~ [VoH0.00(.0).0(.0) x W x Vo @ dal.0). (-] (32)
< [V (0,400, 60(-8)) X W /N1 + NoH (B0, dal.. 00). ol 0633)

where [0 — 0o < || — 0o

In what follows we denote by z. and Z. to the realised values of random variable Z,. in data
sets 1 and 2, respectively. Equivalent notation is used for Z5. Observations in the first data set
are indexed by ¢ and observations in the second data set are indexed by 7, so that we have access
to the following data: {z14, 2} for i = 1,..., Ny and {z¢, 2o} for r = 1,..., Na. This notation
is useful to clarify how the projections of the U-statistic on the other sample that arise in the
asymptotics are computed.

Consider the following assumptions:

Assumption B. 1 The observations in data set 1 {zh,zci}N ', are independent and identically
distributed. The observations in data set 2 {ZCT,ZQT} 2, are independent and identically dis-

tributed. Additionally both samples are independent

Assumption B. 2 The identification condition is satisfied
[ [ #auer, e 80). b1, 20013 60) e 2)nze = 0

Assumption B. 3 F <|1/1(qa(Zl,ZC,QO),qb(Zl,ZC,QO);90)|2> < 00

Assumption B. 4 Let \ = plimy, ny—oo N—ﬁlm and A2 = plimy, Np,—oo ﬁfm so that A\ +
A =1

Assumption B. 5 0y is an interior point of the compact set © € RP

Assumption B. 6 The kernel K is a Borel measurable bounded real-valued function twice con-
tinuously differentiable and with second derivatives satisfying the Lipschitz continuity. Ker-
nel K also satisfies: [ K(u)du = 1; [wWK(u)du = 0 for j = 1,..,s — 1; [u*K(u)du < oo;
[ 1K (u)| du < o0; [ul [K(u)] — 0 as [u] — oo; sup |K (u)| < oo; fK2 du<oo

Assumption B. 7 [ is the mavimum absolute moment (with | > 2) between p; (Z1, Ze, Z2;0)

and 0p3(Z1,Ze, Z2i%) (Zl’aZC’ZQ’QO for j ={a,b}

Assumption B. 8 Let r = max{2,m.} and s > 7. As Ny — 00, N2 — o0, the sequence of the
bandwidths should satisfy hy, — 0; (Ny +N2)h§1€2 — 0; N1hYy, — oo; (Nlh%;l#) /log N1 — o0,
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Assumption B. 9 The s — th order derivatives of p;(z1,2c, z2,60) and —p(zl’;cﬂf or j =

{a, b} with respect to z. and z2 are Lipschitz continuous

Assumption B. 10 ¥(qq, qp; 0) is Frechet differentiable with respect to 0, q.(.) and q(.) and
the Frechet derivatives are Lipschitz continuous. with Cj(z1,z2:.) > 0, E{Cj(21,2.)} < oo for
j=1,..,9

OV(qa; @3 0) 0V (qa, 430
w(qae% ) _ d)(qaeqb ) < Ci(z1,2) |0 — 0| + Calz1, %) ||@a — qéHrq + Cs(21, 2c) ||ay — qg;Hpq

0V (qa, qp; 0 (., q,;0
M%Q% ) _ d)(qaqu ) < Culz1,2) |0 — 0’| + Cs(21, 2c) || ga — Qlepq + Cs(21, 2c) || — ngFq

OV (da, @3 0) OV (das 453 0")
b aqbb < Cr(z1,20) [0 = 0| + Cs(21, 2¢) [|da — dal|p, + Col21, 2c) [lav — b,

Assumption B. 11 p;(21, 2c, 22,0) for j = {a,b} are continuously differentiable with respect to
0 uniformly in a neighborhood of g

Assumption B. 12 The s — th order derivative of the density function of Z. denoted by
f(ze) is Lipschilz continuous. This density function also salisfies sup, cq, |f(zc)| < oo and
inf.cqy, [f(ze)] >0

Assumption B. 13 The s — th order derivatives with respect to z. of the conditional densities

9(z2|2zc) and f(z1]zc) are continuous
Assumption B. 14 plimy, NQHOOVAV =W where W is symmetric and positive definite

Henceforth we use the following shorthand notation. Let gq.i0, = ¢a(21i; Zci, 00) and gp 0, =

qv(21i, Zci, 00) where sub-index ¢ denotes that z; and z. are conditioned on the ith observation.

Denote ¥, (qa,i0qs b,i00) = V(da(214, Zei, 00), @b(214, Zeir 00); 00); Paig, (22) = pa(21is Zeis 223 00) and
Pb.ive (22) = Pu(2145 2cis 22; o) to indicate that the rest of the variables are all conditioned on the

ith observation. Where necessary, we make explicit the argument of functions 9, p; and ¢; for
j ={a,b}.

Theorem 6 Suppose that 0 is consistent to 0y. Under Assumptions B. (1)-Assumptions B.14,
if V'WYV is nonsingular with

_ / Vou(da(1, 70, 00), ay(21, 701 60); 00) f (21, 2e)dzrdze (34)
, then

VNN (fun = 00) S N (0, (v'wv) T (vwswy) (viwy) T
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where X = %121 + )\—1222 and

Y1 =Var (¥(g.(Z1, Ze; 00), gp(Z1, Ze; 00);60)) (35)
'Zazcmzrve - szcmzve 4 Zcr dZ
Yo =Var Z [,0]( ! ) /pj( . 2 B0)g(z2] ? f(z1|2er)d21
icab} « a"/)(Qa(Zl7zcr7908)(713b(217Zcry90)y90)

Proof of Theorem (6). Consider the Taylor’s series expansion in (32). The asymptotic
distribution of @ is shown in two parts. The first part shows the asymptotic distribution of the
score term /Ny + No H (00, da(.,00),G(.,00)) and the second part shows that the conditions we
state ensure the uniform convergence of the Jacobian to a positive definite matrix.

Part 1

We can focus on the distribution of a statistic which uses the trimming indicator based on
the true density function since by Lemma A. 1 in the Appendix the above conditions on the
sequence of bandwidths and the kernel function ensure that sup; ‘f Ni — Ii’ 2.0 as Ny, Ny — .
The expression below makes clear the sources of inefficiency that arise when Z3 is not jointly
observed with Z; and Z..

I{I(Qo,ﬁaNz(- 00), Gb,N, (-5 00)) =

N Zfﬂﬁ Pa 190(221) Pb.i0o (221) 90) (36)
=1
1 3
+ EZI [¥(qa,i00, B.i003 00) — Y (Painy (220); P a0y (22:); 00) ] (37)
=1
1 0V (qa,i60+ W,i603 00)
+ Ny ;L aqa [qa ifo Qa,z6‘0] (38)
1 0V (qa,i60+ W,i603 00)
+ N 4 ZL 03% : [Gb,i0 — Gb,i6,] (39)
=1
+ Ry N, (40)

Only term (36) would arise if Z were jointly observed with Z; and Z.. Term (37) reflects the
efficiency loss due to not observing of Z2, since if Z5 is observed there is no need to integrate
out over the distribution of Zs given Z,. both functions p, and p,. The next terms (38) and (39)
represent the efficiency loss due to the estimation of the conditional distribution function of Z5
given Z., g(Z2|Z.) inside functions ¢, and gp.

Lemma A. 2 in the Appendix shows under which some of the assumptions above /N1 + No Ry, N, =
op(1). From expressions (38) to (39), we use the asymptotically linearity at rate Ny 12 for ker-

nel estimators of conditional expectations. Define mp; ;9. (2c) = [ pjip,(22)g (22|2c) dzo and its
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estimated counterparts by mp; ;o (Z.) for j = {a,b}. Thus, expressions (38) and (39) can be

written as
Uk, w, = (41)
i %2: . {psing (z2r) = mpjig, (zer) } K (ﬁ) y |:8w(€hz,i90 : Qb,iOO):|
N1N2hm° — ’ f(zei) 0q;

1 & 1
+F1;bqi+0p (—N2> +O( Nz)

where
bjgi = h7];1c fé 3
Ny (Zei
for j = {a, b}
Since mp; ;9,(Zc) is differentiable with respect to Z. by the s — th order differentiability of

Ez, ([mpj,ieo(zc) — MPj oy (Zci)} K (ZC — Zm)) X [aw(qa’wm%’%)]

hN2 an

9(Z32|Z.) with respect to Z, in Assumption B.13, one can show by the usual change of variable

and a Taylor’s series expansion in kernel estimator that

Ny

plim ( 1+N2Zbygz)—phm<\/mo ZfI awqawmqm%))
=1

Zcz 86]j

which is equal to zero as long as Nlh%\;z — 0 and Nzh%\}z — 0 as N1 — 00, Ny — <.

By Assumption B. 4, the last reminder terms of Uy, y, and Uf, y, converges to ZET0 in
probability since /N1 + Naop, <ﬁ> = \/%Op(;)‘ We now compute the projections V]{h Ny
j = {a, b} of terms (41) denoted henceforth as V5, y. . These are two-sample U-statistics of order
1, since there is only one observation from each sample in each kernel??. Let define the kernels

a in each of the U-statistic as

V]{] Ny = a;iN, (%14, Zei, Zer, 22r) for j = {a, b}
' N1N2 i=1 r=1
where
: p.,.e (22 )fmp,e (Z ) K (M) ) )
ain, (Zli’ Zeis Zers er) _ {77; { 2,200 T 7,200 \ €T } hN2 % {31#(%,100»%,100)]
hng f(#ei) 9q;

#For Central Limit Theorems for U-statistics, see Serfling (1980) and van der Vaart (1998)
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Denote by Y; = E (a;n(21i, Zeis Zers 22r)) , § = {a, b}. The projections of both statistics (VJ{}INQ -
T,) for j = {a,b} are defined as

N N:
1 1 2

- 1
Vin, = N > " E(ajn (210, Zeir Zers 22r)] 210, 2ei) + N > " E(ajn (210, Zeir Zers 2ar)| Zers 220) — 27

i=1 221

It can be shown that the projections over both samples of the kernels for j = {a, b} are

E (N, (21 Zeis Zer; 22r)| 211, 2ei) = 0

E (5, (21i, 2ei» Zors 22r)| Zer, 22r) =
OV (a0, 96,00 )

InEz,z. {{Pjeo(zw) —mpjg, (Zer) } X {#

_ 2
o) o

24The above conditions ensure that the later Taylor’s series expansion can be done 2°. The

Lemma A. 6 in the Appendix gives sufficient conditions for

VNN (Vi = Ta) + (Vi = To) = (Ve + Vi) | 220

as N1 — oo, No — oo and known as the U-statistics projection result. There we use the sufficient
condition of F <|ajN2(zu, Zeis Zers zz,«)]2> = 0(N2), j = {a,b} in Powell, Stock and Stoker (1989),
which is satisfied as long as Ngh%; — 00 as Ny — 0.

The sufficient conditions in Assumption B. (8) guarantees that Nahy® — oo and that also
the conditions in Lemma A.2 in the Appendix are satisfied since [ > 2 .

Note also that because the projection on the first sample is zero, both T, = 0 and T}, = 0.
Having used then the projection device to find the distribution of (38) and (39) we can conclude
that the asymptotic distribution of H (0o, 4n, (-, 60), gn,) is normally distributed as

\V/ Nl + NZH(H[)?qa,NQ('a 90)7@1),]\[2('790)) =

Ny
1 R .
= /N1 + Ny (E ZIW(qa,wo,Qb,wo; 0o) + VN, n, + Vll\)hNg) +0p(1) — N(0,X)
=1

with the expression in ¥ as in expression (35).

24The projection of the statistic over the first sample becomes zero since when we condition on observation ze,

and integrate out using the distribution of g(z2,|zer), the numerator of the projection becomes zero.
*Note that

/ [{f(20r + tha) > b} — 1{F (2er) > B} K (£) dt — 0

if hw — 0 as N — oo because the indicator function has only finitely points of discontinuity in ¢ and K(¢) is

continuous in those points.
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Part 2

Under the differentiability conditions of function 1, q, and ¢, with respect to 6 in Assump-
tions B. 10 and B. 11 uniformly in a neighborhood of 6y, the Taylor’s series expansion in (32) is
correctly done. With respect to the Jacobian term in (32), the uniform convergence arguments

together with the consistency of 9, Qo and §p suggests that
(V0T (0, o (- 0), o, (- 0)) = V| = 0p(1) (42)

and consequently also,

wﬁ@%M@w%M@m—ﬂ:%mwme

V=/Vow(qa(zl,ZC,QO),%(ZLZc,90);90)f(2172c)d21d2c (43)

The convergence in probability in (42) is shown in two steps. Lemma A.7 in the Appendix shows
that

|V9H(9,qa(., 9)7@1)('7 9)) - VOH(Q[L Q(z('a 90)7Qb('7 90))| = Op(l) (44)

where 0, Go(.,0) and Gs(.,0) belongs to a neighborhood of the true value of the parameters 6y
and the true functions q,(.,0p) and g(.,0p). By the law of large numbers,

|v9H(907Qa('7 00)7‘]()('790)) - V’ = Op(l) (45)

By the continuity of the matrix inversion (given the nonsingularity of V'WV) and the Slutsky
theorem, the result of the asymptotic variance arises. ®

The main difference between the asymptotics that we have derived and those of previous
approaches is that we allow for sample analogue moment conditions that are not necessarily
separable in both data sets. Arellano and Meghir (1992) and Angrist and Krueger (1992) derive
the asymptotic distribution for GMM problems when data sets are combined in which the
criterion function is perfectly separable in variables observed in each of the available data sets.

6 Monte Carlo Evidence

We perform three different experiments to assess the performance of the estimator we propose in
this work: a linear model without exclusion restrictions, a linear model with exclusion restrictions
and a Probit model.

The first experiment consists of the linear model in (20) where the conditional mean model of
Xo given X, is nonlinear in X.. We consider the case of scalar X, and X». The data generating
process is Y = 0g + 01X, + 02Xo + U with 0 = [0.5;1.5;2], U ~ N(0,1) and X. ~ N(0,1);
Xo = By + B1Xe + B3X2 + ¢ where 3 = [1;1;1] and € ~ N(0,0%). We generate two different
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sets of variables {X,., X2} from this data generating process with sample sizes n=1000 and
N=5000, respectively. The conditional mean of X5 given X, is nonparametrically estimated
from data set 2. The performance of the estimates of 0 depends on the goodness of fit of the
regression of the missing regressor Xs on X., which clearly depends on the value of o2. We
perform different experiments for different values of o2. The results are presented in Tables 1-2
for values of 02 = 1 and 02 = 3, respectively. In each case, we report the mean, the quantiles
and the MSE over the number of replications for each parameter and also the mean of the
adjusted R? of the OLS regression of the quadratic equation of X5. The data was trimmed from
the boundary of the support of X, so that 95% of the data were considered to evaluate the
estimated conditional mean. This trimming defines an upper bound for the optimal bandwidth,
which is obtained by Cross-Validation for each replication?®. A third order kernel was used to
reduce the order of the bias of the estimated conditional mean function. In particular, the kernel
used is K(u) = (4/3)k(u) — (1/6) x k(u/2) where k(u) is a standard normal pdf. This helps in
reducing the bias of the third component of v in (21). In each row of the last panel of Tables
1-2, the mean over replications of the components of v in (21) are reported and also the mean
over replications of the correlation with the generated variables used in the regression.

These results illustrate that our estimator performs well in a model without exclusion restric-
tions as long as the true underlying conditional mean model is nonlinear in X.. The performance
of the estimator is worse when the model for X5 is more noisy and X, explains less of the vari-
ance of Xo, as can be seen when comparing the MSE of both simulations is Table 1 and 2.
The decomposition of the error components is useful to assess the source of asymptotic bias
of the replications. The results below suggest that the main source arises from the difference
between the true conditional mean and the estimated conditional mean. Both tables also report
a decomposition of the error variance between its components. With respect to the full data
case, the main source of inefficiency when X5 is not jointly observed with Y is due to the fact
that we replace X2 by its conditional mean F(X32|X.). The inefficiency that arises because this
conditional mean is nonparametrically estimated is almost negligible in the results we report.??
The second experiment illustrates a model with excluded restrictions from structural equa-

tion. We consider both the just-identified and the overidentified case. X, is an exogenous

26The CV function was computed using the observations in dataset 2, since it is the only one in which Z. and
Z are jointly observed. We want to evaluate the estimates of the conditional expectation for each observation in
dataset 1. However, the CV function that we are able to construct minimises the estimated prediction error of
the conditional mean function evaluated at the observations of Z. in dataset 2. Since both datasets are generated
from the same underlying population, the CV using the simulated dataset 1 and dataset 2 are very similar and
also the optimal bandwidth that both provide.

*TThe simulations performed for the alternative linear model in (22) yield very similar results to the ones

reported in Tables 1-2. For brevity, we omit these results here.
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scalar variable, X5 is the scalar missing regressor and Wy, Wy are the excluded variables. The
design of the experiment for the just identified case is the following. The common regressor
and the excluded variable are independently normal : X. ~ N(0,1); W3 ~ N(0,4) and the
missing regressor relates to these two variables as follows: Xo = 1+ 2W; + X W1 + ¢ with
e ~ N(0,0%);0 = 0.85. The model for the dependent variable is Y = 6y + 01X, + 02Xo + U
with = [0.5;1.5;2], U ~ N(0,1). Our estimator in this case amounts to imputing the value of
X5 using its nonparametric conditional mean given X, and W as regression (20) suggests. We
report these results in the upper panel of Table 3 and compare them with the results from the
two-sample two-stage least squares where Xy is linearly fitted using X, and W as in (23) in the
second panel of results. We also present there results for two different versions of the two-sample
IV estimator. The first version is reported in the third panel of Table 3 and uses only data set 2
to compute those moments that include X», as the estimator from moment condition (27) and
(25) suggests. The second IV version is the estimator that solves (29) where instead of using the
sample analogue of F(X5W7) from data set 2, uses the sample analogue of E(E (X}|X., W) W1)
where the inner expectation is computed with data set 2 and the outer expectation is computed
with data set 1. The results reported in Table 3 use only data set 1 to compute the weighting
matrix of the IV estimator. Similar results where obtained when the weighting matrix used only
observations from data set 2.

The design for the simulation of the overidentified model with exclusion restriction is similar
except for the conditional mean model for the missing regressor Xo = 14+2W1+ X W1 +W1Ws+
2W3 + € with Wi ~ N(0,4),e ~ N(0,0?%). The corresponding results for the overidentified case
can be found in Table 4.

The estimator we propose (i.e. those estimates in the first and fourth panel of Tables 3 and
4) turns out to be more efficient than the two estimators we compare it with. This is true for the
estimators defined from the sample analogues of the two sets of moment conditions. Obviously,
the design of the experiment helps in finding these results, because the conditional mean model
is non linear in the conditioning variables. This induces a higher dispersion in the differences
between the true conditional mean and its conditional linear fitting (i.e. third additive term in
(20)). Table 5 compares the variance decomposition of v in (21) in each of its terms for both
the estimator where the nonparametric conditional mean of Xy given X, and the estimator that
uses the best predictor of Xy given X,..2® The mean over replications of these variance and
covariances are reported. The analysis of this table reveals that the differences in efficiency
between both estimators arise from the higher dispersion of the (E(X2|X.) — E’}'{,Q (X2| X)) with

28We trim the observations when the value of X5 is imputed using its nonparametric estimation of the conditional
mean of Xs|X.. For this reason, the comparison of this variance decomposition with the estimator in which
E(X2|X.) is linearly fitted is carried out using the same observations. As a consequence, the first two terms of v

are equal and they only differ in the third term.
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respect to the dispersion of its nonparametric counterpart (E(X3|X,.) — En,(X2|X.)). The IV
estimator implied by our framework turns out to be also more efficient than the two-sample IV
estimator proposed in the literature in both the just-identified and the over identified case.

In the third experiment we design the simulation of a probit model with a discrete and
scalar missing regressor Xs. The data generating process of the regressors is X, ~ N(0,1) and
Xy = 1{1+ X +e} wheree ~ N(0,1) and y = 1{00+6X.+09X>+U} with [65,69, 03] = [1,3, 3]
and U ~ N(0,1). The results of two estimators of this model are reported in Table 6. First,
we estimate the parameters of a probit model where the dependent variable is generated using
both X. and X5 as explained above but the estimations only use regressor X, to estimate the
model. These results are reported in the top panel of Table 6. The bottom panel reports the
results of the ML estimator that combines two different data sets defined in (31). The high
value of the coefficient of the parameters associated to Xs induces a high omitted variable bias
in the estimates of the probit model including only the available information in X.. The use of
an additional data set allows us to estimate more efficiently the model by reducing this omitted
variable bias.?

For scalar X5, we also provide identification results for a more general scalar and continuous
Xy. Table 7 reports the simulation results of a binary choice model where X5 is uniformly
distributed Xy ~ U(0,1) and X, = 10(1 — X2)M where M ~ N(0,1) and y = 1{6 + 69X, +
09X> + U} with [69,69,69] =[0.5,1.5,—0.5] and U ~ N(0,1). Again, these results suggest that
even if the regressors are not jointly observed with the binary endogenous variable, our estimator
helps in reducing the omitted variable bias that ignoring X5 as a relevant variable of the model

would induce.

7 Conclusions

In this paper, we have developed a framework that allows for identification and estimation of
structural models in which not all of the relevant variables are jointly observed. This framework
can be applied to those models that identify their parameters via zero moment restrictions. We
exploit the joint variation of the variables in an additional data set together with a parametric
restriction to identify the effects of the missing and non-missing variables in the parametric

structural relationship under certain conditions. We present a general estimator for this class

29The optimal bandwidth choice for this set up in which the estimator is defined as the maximiser of a least
squares-type objective function where some nonparametric estimates are imbedded has been studied by Hardle,
Hall and Ichimura (1993). How to select the bandwith when the objective function is a likelihood function
involving some nonparametric estimation is an open question. We use a value of the bandwith for the sample
sizes reported for the probit results of 0.75. Various sensitivity analysis exercises were carried out (having some

contraints given the support of Z.) and the results did not change substantially.
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of models based on the nonparametric estimation of the conditional distribution function of the
regressors which can obtained from the auxiliary data set. This general setting encompasses
a broad class of estimators such as linear and non-linear least squares, MLE and GMM. For
linear regression and linear GMM models previous results are available in the literature. We
compare the performance of our general estimator with the existing ones and we point out that
the main differences arise in the way our estimator computes the conditional moments that need
to be estimated from the auxiliary data set. There are no existing results in this framework of
incomplete data which provides us with the semiparametric efficiency bound so that we cannot
formally discuss in this work efficiency issues between all the possible estimators defined from
a given set of moment conditions. This constitutes an interesting future application of this
framework. Preliminary evidence based on Monte Carlo experiments indicates that in some
familiar cases our estimator is more efficient than previous estimators.

The identification conditions are specific to each parametric model, therefore we provide
detailed conditions for each case we discuss. In general, the identification results can be sum-
marized as follows. For the linear model, the common regressors and the imputed value of the
missing regressor given the common regressors must satisfy the usual rank condition. For the
GMM, the moment condition must be separable in those variables that are not jointly observed
in the same data set so that identification does not rely on strong conditional independence
assumptions. This separability condition is automatically satisfied when the model is additively
separable in the unobservables. For nonlinear regression models and nonlinear GMM mod-
els, sufficient identification conditions are harder to obtain because they are problem specific.
Therefore, our main identification results for the general parametric model are limited to the
parametric and semiparametric binary choice model.

For the binary choice model our results complement work by Manski and Tamer (2003) by
allowing for a vector-valued missing discrete regressor for both parametric and semiparametric
models and in addition allowing for identification of the coefficients of those missing regressors
for the parametric models. These results are obtained through the added information available
from the auxiliary data. We present Monte Carlo results that illustrate how our data sets
combination method reduces substantially the omitted variable bias that arises in the binary
choice model when a relevant missing variable is excluded from estimation.

We also derive the asymptotic variance of this type of estimators for the general case and

provide sufficient conditions that must checked to be satisfied for each particular case.
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8 Appendix

8.1 Lemmas used in Part 1 of the Proof of Theorem (6)

Lemma A. 1 Let Iy; = l{j?(zci) > b} and I; = 1{f(zs) > b}. If (Nh%;l?) /log N1 — o0,
|K(0)] < oo and there is no positive probability that f(zc;) = b, then

Pr {at least one 1 such that fNi — I, # O} — 0 as Ny, N — 00
Proof. (see Ichimura (2003)) =

Lemma A. 2 Let Assumptions B.9, B.10, B.12, B.7, B.13 and B.6 be satisfied and consider
the bandwidth sequence that satisfies

(N1 + No)h, — 0 (46)
1
Nah}y?

S BN (47)
(—loghn,)

Noh%, — oo (48)

Then, /N1 + NoRn, N, = 0p(1)

Proof. The reminder term in (40) is expressed as

N _ _
1 0V (qa,ib0> @b,i00; 00)  OU(qa,ifys Q,i00360) | .
RN1N2 = E ; Iz |: 8qa - 8qa [Q(J/J:GO - Qaﬂ:@o] +
N _ _
1 0V(qa,i60s Tb,i00500)  OU(qa,ity+ @,i605 b0)
L T, 1100 db,ibo > o 1100 9b,ib0 A
+N1 Z ¢ |: aqb aqb [qb,ZOO Qb,wo]

where ||q;.i0, — @j.i6, Hrq <|4j.i60 — @j.i60 Hrq for j = {a,b}. From the Frechet differentiability of v
with respect to g, and ¢, and the Lipschitz continuity conditions of its derivatives in assumption
B.10, then

N . .
1 [C5(214, 2ei)] [Gasivy, — Ga.ioe)” + [Co(21i, 2ei)] [db.iny — Gb.ioe)” +
RN1N2 S F Z I?, N ~
14 +[C6(21i5 2ei) + Cs(21s Zei)] [Ga,ib0 — Ga,ito) [b,i00 — Tb,i00)

Thus, in this reminder term we have two nonparametric conditional mean functions and in

the expressions below we use notation for both the numerator and the denominator of both
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estimators. Denote ¢; 0, = ﬁ]j,wo/fi for j = {a, b}. Then,

12
/r.q(l k1
rqa 00 TCI&,WO] - 9 |:fl fl} +

rqa 00 TQG,WO) +0p <fl - fl)
[ 1,

iT [Tv,i6, — Tb,i60] — rqb 5 [fz fi:|
iz | +0p (7p,46, — Tb,i60) + Op <fi - fi)

N Li [ Lfl [70a,igy — Tdayibe] — rqa e {fz fz}
N - Top (74,500 — T4a,i00) + Op <fi - fi)

szl (7 10, — TG00 ) — rqb 5 [fz fi:|
+0op (ﬁlb,ieo - TQb,ioo) +0op (fi - fi)

Cs (214, 2ci) +

12

Cy(z1i, 2¢i) +

X

X [Co (21, 2ci) + Cs (21, Zei)]

(49)

To show that /Ny + NoRn,n, = 0p(1) we follow the next steps. Lemma A.3 shows that
the order of the bias of the nonparametric estimators is hy, so that E (rAquO) — Tqji0, =
O(hy,) for j = {a,b}; E < fi> — fi = O(h4%,). The differentiability conditions of Lemma A.3
are stated in assumptions B.9, B.12 and B.13. From expression (49) and Lemmas A. 3 - A.5

below, the reminder term converges in probability to zero if there exist positive sequences hy;,,
{eamy }s {eom, ), {18, } { Man, } and { M, } such that

VN1 + Nogan,e1n,  — 030/ N1+ Noganyeon, — 034/ N1+ Nogin,epn, — 0 (50)
\/N1+N26aN2h§V2 — 054/ N1+N2€bN2h?V2 — 0;4/ Ny +N261N2h§\/2 —0
v/ N7+ Ngh%\';; — 0

as N; — oo, No» — oo and such that these sequences satisfy the conditions of Lemmas A.4
- A.??7 below. To see that these sequences exist, take e;n, = (—log th/NQhN2)1/2 bjn, and
M;n, = (Nahn,/ (—log th))l/2 b}‘NQ for 0 <« < 1 and for positive sequences b;y, that diverge
to infinity and for j = {a,b,1}. Then, the sequences satisfy the conditions in lemmas A.4 - A.5
as long as condition (47) holds.

The conditions in (50) hold if the sequences b;, diverge at a slower rate than o((— log A, )~ 1/?)
and if (V7 + Ng)h?\?2 — 0 and Ngh%\]2 — oo B

h
2

Lemma A. 3 Let F (h%cgo(zu, Zeiy Z2;00) K (ZCm’i”')) exists. The s —th order derivatives of
Ny N.

f(Z.) and /(p(zli,zci,Zg; 00)g (Z2|Z.) dZy with respect to Z. and the s — th order derivatives
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of function p(Zy, Z., Za;0y) with respect to Zy are Lipschitz continuous. The kernel function
satisfies Assumption B.6, then for hy, > 0 and hy, — 0 and Ny — 0o

B (( [ ters za 220} (Zafza) dZ2> f<zm->) - ( [ etets za 22 0)g (ol de) Fzes) = O

Let these conditions be satisfied for ¢(z1i,zci, Z2;60) = Pj(Zli,Zci,Zz;Qo) for j = {a,b} and
©(21i, 2cis Z2;00) = 1.

Proof. Note that the expression for the estimator is

(/ (2145 Zeis Z2300)9 (Z2| 2ci) de) flze) =

1 N Z z Zei — 2
21y Zeis Z2:00) ————— S K M>K(u> dz.
/90( 1 2 O)Ngh%;—i_mz TZ_‘: ( hN2 hN2 2

After the change of variable t; = (Zo; — 22r1)/hn, for I = 1,...,mg and a Taylor’s series expansion

of order s of ¢(z14, 2ci, Z2;00) around za,, then

(/W(Zu,zw%;@o)g (Z2|2ci) dZ2> flze) =

No
1 Zei — 2
P O K [ 28T O(hs
N2h%§ ;:1 ‘;0(2117 Rciy #2r; O) < I, + ( N2)

Taking now expectations from the above estimator with respect to variables Z3 and Z, and
by the Law of Iterated Expectations,

E (</ (214, Zeir Z£2:60)9 (Z2!Zci)dZ2> f(zcz)> =
Zei — Le

Na

1
—s B2y 2. (02105 2¢is Z2;00)| Ze) K f(Ze)dZe + O(hy,)
hN2

which by the s — th order continuously differentiability of g (Z2|Z.) with respect to Z. can be

shown that

E ((/ ©(214, Zeiy Z2;00) 4 (Z2’Zci)dZ2> f(»’@)) = /90(211'725&'722590)9 (Za|zei) dZa f(2ei) + O(hYy,)

Lemma A. 4 Under assumptions B.7 and B.6, then

Pr { sup 7450 — E (F549)| > €j,N2} — 0 as Ny — oo for j = {a,b}

Zl,zc,oegzl XQZC X
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if Sj,NthzM;}lz — 00 and (loghp,)(1 + M',N25N2)/(NhN25?N2) — 0, where M; N, denotes a
sequence for the support of the dependent variable p;(21, zc, 22,0) for j = {a,b}

Proof. See Ichimura (1993) Lemmas A.5 and A.8 in the Appendix m

Lemma A. 5 Under assumption B.6, then

eel s 172 (7)

if (log hn,)(1 + Mein,)/(Nahnyely,) — 0, where M denotes an interval containing 1

>51N2}—>0 as Ny — o0

Proof. See Ichimura (1993) Lemmas A.5 and A.8 in the Appendix m

Lemma A. 6 If Nohyye — 00 as Ny — 00, then B <(ajN2(Z1,Zc,ZC,Z2))2> = o(Ng) for j =

{a,b}

Proof.

5 [{0isez20) = mosia ) K (35290 | 1owgusons abios)
ain, (214, Zei, Zers 22r) = e o) X S0,
No ct gl

Denote the conditional expectations of a;n,(Z1, Ze, Z, Z3)? on the realised values of Z. in

each data set as

2
(21, zeiy Z2; 00) —
Zcu Zcr // fP] 21, Zeiy 425 90 Z2’Zc1‘ dZ2 Z1’Zm ZQ|ZCT)dZ1dZ2
31/’ qa(ZlyzcuoO) qb(Zlyzcth)):| 2
0q;
Then, for j = {a,b}
2 ( Zei—Zer
1 vi(zeir 2er) K <J7T>
E ((a; 21y 2y Ly 4 2 = / 2 Zci Zer)dzeidZer
((asna (2 2))?) i ) Fzei)f ()
1 vj(zci, Zei + tth)KZ (t)
- — f(zei + thy,)dz.dt
e (et e

- 0 <N2 (Ngh%;)1>

Consequently, we have that E ((asz(Zl, Loy L, Zg))2> = o(N7) if and only if Nghﬁg — 00 as
Ny —00. B
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8.2 Lemmas used in Part 2 of the Proof of Theorem (6)

Lemma A. 7 Under Assumption B. 10 and B. 11, zf@ L, 0y and the bandwidth sequence
o2
Noh -2
satisfies hn, — 0 and (jlogiﬁw) — o0 as No — 00, then
2

VoH(0,4a(.,0),a(.,0)) — VoH (00, qa(-,00),q(., 00))| = 0p(1)

Proof. For 0, g,(.,0) and G(., 8) belonging to a neighborhood of the true value of the parameters
0o and the true functions ¢4(.,00) and gp(.,6o),

|v9H(97€ja('79)7 ~l)('7 9)) - VGH(Q[LQG,(" 90)7 Qb('a 90))| <
IVoH (0, Ga(.,0), G(-,0)) — VoH (00, Gal-,0), ds(.,0))| + (51)
+ [VoH (00, Gal-, 0), @b(-, 0)) — VoH (00, qa(-,00), a(-,00))] (52)

It can be shown by the Lipschitz continuity conditions in Assumption B.(10) that

|V9H(9,(ja(~70)7(jb(-79)) - VGH(Q[)?@I(‘?Q)?(]I)(‘?Q))‘ <

N ~ ~
1 - aQa(zliy Zciy 9) 86]1)(2’11', Zeis 9)
S N ; [Cl(zu,zcz) + Cy(214, 2ei) 20 ., + C7 (214, 2ei) ‘ 50 . X [|6 — 6| +

For consistent estimators é, Go and @p of 6g, q, and ¢y, respectively, we can consider 0 = 9, Qo = Ga
and ¢, = g, in the above expression. Under the conditions on functions C’s on Assumption B
10 and the differentiability of function p in assumption B. 11, the first term in (51) converges to

zero in probability
VoH (8, Ga(-,0), (-, 0)) = VoH (80, dal-, 0), ds(-, 0))| = 0p(1)

By assumption B.(10) and after some algebra, we obtain an upper bound for the second term
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n (51)

|VoH (00, qa(.,0),q(.,0)) — VoH (00, q0a(-,00), qob(-, 00))| <

N1
1
202 levzcl) ||Q(z i — qa 190” +CS(leazcz ”C_IbZO C]bon
=1
1 . . a0
o Zl (G511 260) Ndaao = datolly, + Co(ris 1) o — bl | Zoe
N _
1 21: OV (a,i0y> Bb,i005 00) || Odajio  Oqa,itg (53)
Nl ) aQa 89 89
= q
1 & OG0
+ N ; [08(211’7 Zei) |Qa,i6 — Qa,ifo ||Fq + Cy (21 2ei) ||Gv,i0 — Qbi00 ||FJ 8; (54)
N _
1 0V(qa,if0s W,i005 00) || Odbio  Oab 6,
= ) ) 5 _ ) 55
N Z Dy 00 06 (55)
- q

Denote as in Lemma A.2 the numerator and denominator of the conditional mean expectation
as Gji0 = 74,0/ f; and for its first derivative as 8—%@%" = qj(ll)g = ﬁggli)g / f; for j = {a,b}. To show
that the upper bound in (55) converges to zero in probability, we should require consistency of

6. We also need the following results on uniform consistency

I%%?W%w—mmH>%W}*0
2y

%mewww

>€1N} — 0

‘>€]2N}—>O

The bias order of these nonparametric conditional expectations is O(h %V ) as shown in Lemma A.
3 as long as the conditions there are satisfied for (215, 2¢i, Z2;60) = M for j = {a,b}.
The above uniform convergence results hold, using Lemmas A.5, A.6, A.8 and A.9 in Ichimura
(1993), if there exist sequences {e;on,} and {€;2n,} such that

€5,0N: v, Mg, — 003 (log hivy ) (1 + Mjion,€5.08,) / (N2hivy€5 o, ) — O for j = {a, b}

ej 2N, hv, M5y, — 005 (log hiv, ) (14 M an,e5.08, )/ (Nahi, €5 on,) — 0 for j = {a, b}

and where M;on, denotes a sequence of the support of the dependent variable p;(21, 2, 22, ),

M N denotes a sequence containing 1, M oy, denotes a sequence of the support of the dependent

+z 2 =
: 9p;(21,2¢,22,0) 2 Nah ks
_% __ - N2 2
variable 50 These sequences exist as long as = log hvg) and loghx;) O asin
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(47). Note that if [ > 2, the former condition on the sequence of bandwidths implies the latter.
[
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Table 1. Monte Carlo Experiment for a linear model without exclusion restriction
o2 =1
n=1000;N=5000; No. replications=100
02 = 1, mean of adj-R? = 0.7623

6° Mean  Qo25 Qoso Qors  MSE
0.5 0.5197  0.3318 0.5575 0.6871 0.0827
1.5 1.4939  1.3875 1.4783 1.6045 0.0323
2 1.9980  1.8804 1.9879 2.0097 0.0219
sum of MSFE 0.1369

E(v) 0.0167

Var(v) 13.0251

corr(v, X,) -0.0019

corr (v, En, (X3]X.)) -0.0017

First component of v

E(u) 0.0143

Var(u) 9.0270

corr(u, X, -0.0064

corr(u, En, (X2|X.)) -0.0037

Second component of v

0,F(Xy — E(X|X,)) -0.0029

Var(Xs — E(Xs|X,)) 3.9787

corr(02( Xy — E(Xa|X.)), Xe) 0.0049

corr (02(X2 — B(X3| X)), Eny (X2|X0)) -0.0024

Third component of v

02E((E(X2|Xe) — En,(X2| X)) 0.0159

Var(E(Xs|X.) — Eny (X2| X)) 0.0056

corr((B(Xz|Xe) — En, (X2l Xe)), Xe) 0.0192

corr((B(Xa|Xe) — En, (Xa|Xe)), En, (X2l X)) 0.1257

Covariances components of v

cov(u, (Xa — E(X3|X.))) 0.0014

cov(u, (B(Xs|X,) — Eny(X2|Xe))) 0.0002

cov((Xy — BE(X2|Xe)), (BE(Xa]X,) — En, (X3|X,))) | -0.0009

Note: The data generating process is Y=0.5+1.5X1+2X2+U with U~N(0,1) and Z.~N(0,1); Xo=1+X .+ X.+¢e and e~N(0,02)
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Table 2. Monte Carlo Experiment for a linear model without exclusion restriction
o2 =3
n=1000;N=>5000; No. replications=100
0% = 3, mean of adj-R? = 0.5164

0° Mean  Qo2s Qoso Qors  MSE
0.5 0.5383  0.2777 0.5910 0.8029 0.1386
1.5 1.5123  1.3755 1.4984 1.6444 0.0530
2 1.9874  1.8657 1.9599 2.1223 0.3556
sum of MSFE 0.5475

E(v) 0.0172

Var(v) 21.0018

corr (v, Xe) 0.0002

corr (v, En, (Xa|X.)) -0.020

First component of v

E(u) 0.0143

Var(u) 9.0271

corr(u, Xe) -0.0064

corr(u, En, (X2| X)) -0.0037

Second component of v

02F(Xo — E(X3|X,)) -0.0050

Var(X, — B(X3|X,)) 11.9363

corr(02(Xa — E(X3]X,)), X¢) 0.0049

corr(02(X; — B(X5]X.)), B, (Xa| X)) -0.0024

Third component of v

02E((E(X2|X,) — Eny(X2|X,))) 0.0250

Var(E(Xs|X.) — Eny (X2| X)) 0.0152

corr((B(Xa| Xe) — Eny (X2l Xe)), Xe) 0.0103

corr((B(Xa|Xe) — Eny (X2l Xe)), Eny (X2 Xe)) 0.0825

Covariances components of v

cov(u, (Xo — E(Xa|X.))) 0.0013

cov(u, (E(X3|X,) — En,(X3|X,))) 0.0008

cov((Xa — B(X2|Xe)), (B(X2|Xe) — Eny (X2 X)) | -0.0016

Note: The data generating process is Y=0.5+1.5X1+2X2+U with U~N(0,1) and X.~N(0,1);X2=1+X.+X.+¢€ and e~N(0,02)
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Table 3. Monte Carlo Experiment for a linear model with exclusion restriction

Just-identified case
n=1000;N=3000; No. replications=100

Two-Sample two stage (Nonparametric)

0° Mean  Qo2s Qoso  Qors  MSE

0.5 0.7089 0.6019 0.7040 0.8511 0.0770
1.5 1.2384 0.9227 1.3382 1.5404 0.2545
2 2.1456 2.0450 2.1456 2.2134 0.0366

sum of MSE | 0.3680

Two-Sample two stage (Linear Prediction)

6° Mean  Qo25 Qoso Qors  MSE
0.5 0.7933 0.6689 0.7857 0.9040 0.119
1.5 0.9231 0.6318 0.8787 1.1869 0.4747
2 2.1861 2.0477 2.1946 2.3045 0.0558

sum of MSE | 0.6424

IV (using complete data set for moments)

0° Mean  Qo2s Qoso  Qors  MSE

0.5 0.7388 0.6133 0.7311 0.8505 0.0836
1.5 0.8775 0.5573 0.8414 1.1523 0.5482
2 2.4009 2.2488 2.4114 2.5300 0.1864

sum of MSE | 0.8181

IV (conditional moments from data set 2)

0° Mean Qo25 Qoso Qors  MSE

0.5 0.6181 0.4997 0.6021 0.7362 0.0411
1.5 1.2757 1.0417 1.2143 1.5575 0.1522
2 24876 2.3877 2.4950 2.5657 0.2564

sum of MSE | 0.4496
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Table 4. Monte Carlo Experiment for a linear model with exclusion restriction

Over-identified case

n=1000;N=3000; No. replications=100

Two-Sample two stage (Nonparametric)

0° Mean  Qo2s Qoso  Qors  MSE

0.5 0.8527 0.7159 0.8419 0.9910 0.1698
1.5 1.3111 1.0541 1.3872 1.5607 0.1553
2 2.1012 2.0236 2.1074 2.1685 0.0198

sum of MSE | 0.3449

Two-Sample two stage (Linear Prediction)

6° Mean  Qo25 Qoso Qors  MSE

0.5 0.8264 0.7173 0.8081 0.9315 0.1321
1.5 0.9165 0.6419 0.8981 1.1725 0.4768
2 2.1847 2.0501 2.1971 2.3117 0.0545

sum of MSE | 0.6634

IV (using complete data set for moments)

0° Mean  Qo2s Qoso  Qors  MSE

0.5 0.7502 0.6431 0.7401 0.8469 0.0865
1.5 0.8708 0.5833 0.8465 1.1367 0.5491
2 2.3985 2.2522 2.4134 2.5371 0.1831

sum of MSE | 0.8187

IV (conditional moments from data set 2)

0° Mean Qo25 Qoso Qors  MSE

0.5 0.2623 0.1585 0.2526 0.3724 0.1062
1.5 0.9046 0.6391 0.9145 1.1965 0.4998
2 2.2565 2.1563 2.2465 2.5131 0.0781

sum of MSE | 0.6841
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Table 5. Variance decomposition of error term for Linear Model with exclusion restrictions

n=1000;N=3000; No. replications=100

Just identified model | Over identified model

Var(u) 0.9875 1.0003
Var((Xs — E(Xa|X.)) 207.5141 293.5613
Var((B(Xa|Xe) — Ef, (Xa| X.)) 10.6006 95.7986
Var((E(Xa|X.) — En, (X2|X.)) 2.1836 1.0003
cov(u, (Xo — E(Xa|X.)) 0.0037 -0.0082
cov(u, (E(Xa|X,) — E%, (Xa| X)) -0.0080 -0.5478
cov(u, (E(Xa|Xe) — En, (X2|Xe)) -0.0013 -0.5424
ov((Xz — B(Xa|Xe), (B(X2|X.) — By, (X2|X,)) | 0.0286 0.0017
cov((Xa — E(Xa|Xe), (E(Xa|Xe) — En,(X2|X.)) | -0.0060 0.0018
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Table 6. Monte Carlo Experiment for a probit model (Z2 dummy variable, Z. Normal)

n=1000;N=2000
No. replications=100

Z5 omitted

0° Mean  Qo.05 Qo.25 Qo.50 Qo.75 Qo.95 MSE
1 -0.8865 -0.9971 -0.9359 -0.8768 -0.8408 -0.7883 3.5632
3 1.6059 1.4674 15424 1.6020 1.6555 1.7282 1.9511
leehhood Combining Z2 Mean Q0.05 Q0.25 Q0.50 Q0.75 Q0.95 MSE
00

1 1.0092 0.4644 0.7997 1.0135 1.2105 1.5108 0.1081
3 3.0329 2.5410 2.8059 3.0255 3.2403 3.5864 0.1112
-3 -3.0474  -3.9902 -3.4259 -3.0584 -2.7467 -2.2948 0.3113

Table 7. Monte Carlo Experiment for a

probit model (Z3 uniform, Z. Normal)

n=1000;N=2000

No. replications=100

Z5 omitted

0° Mean  Qo.05 Qo.25 Qo.50 Qo.75 Qo.95 MSE
0.5 0.0080 -0.1081 -0.0466 0.0004 0.0638 0.1214 0.2473
1.5 1.4787 1.2498 1.3742 1.4926 1.5483 1.6966 0.0170
Likelihood combining Z2 Mean Q0,05 Q0.25 Q0.50 Q0,75 Q0,95 MSE
90

0.5 0.2758 0.2064 0.2458 0.2762 0.3024 0.3508  0.0520
1.5 1.4855 1.2568 1.2568 1.5100 1.5477 1.7035 0.0167
-0.5 -0.2664 -0.3117 -0.3117 -0.2713 -0.2461 -0.2142 0.0557
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