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Abstract

Macroeconometric and financial researchers often use secondary
or constructed binary random variables that differ in terms of their
statistical properties from the primary random variables used in mi-
croeconometric studies. One important difference between primary
and secondary binary variables is that, while the former are, in many
instances, independently distributed (i.d.) the later are rarely i.d. We
show how popular rules for constructing the binary states interact
with the stochastic process of the variables they are constructed from
to make these variables Markov processes. Consequently, one needs to
recognize the Markov nature of the binary variables when performing
analyses with them, and it is not valid to adopt a model like static
Probit which fails to recognize this dependence. Moreover, these bi-
nary variables are often censored, in that they are constructed in such
a way as to result in sequences of them possessing the same sign. Such
censoring imposes restrictions upon the Markov process which means
that it is generally not correct to utilize a dynamic Probit model with
them. Given this we describe methods for modelling with these vari-
ables that respects their Markov process nature and recognizes any
censoring constraints. An application is provided that investigates
the relation between the business cycle and the yield spread.
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1 Introduction

Macroeconometric and financial econometric research often feature binary
random variables. We will designate such a random variable as S;, and as-
sume that it takes the values of unity and zero. Such binary random variables
arise in a number of ways, although they differ in their origin. Because of
this it is useful to distinguish between binary random variables that are pri-
mary and those that are secondary or constructed. In the first set one would
include most of those that arise in micro-econometrics. If a time series is in-
volved there will generally be a panel of data on whether an individual makes
a particular decision. In these cases the binary variable is often thought of
as deriving from an underlying continuous latent variable (as in the Probit
model). Also in this set would be cases where a continuous random variable
- on which there are realizations - depends upon a latent binary random vari-
able. The clearest example of the latter would be Markov Switching (MS)
models - Hamilton (1989). In contrast to those cases, this paper is concerned
with secondary binary random variables which are constructed from the real-
izations of a continuous random variable (or variables) y,. This case does not
seem to have been studied much, a notable exception being Kedem (1980).
However, as we will try to illustrate, quite a few interesting econometric
issues arise when such variables are used in empirical work.

Although there are many examples of constructed binary time series, a
selective account of these follows.

1. Cycles in economic activity are often described with a binary random
variable. Here a series y; is chosen to represent economic activity and a
cycle in it involves expansions, S; = 1, and contractions, S; = 0, which
are extracted from the g, using some rule. In the event that the series
y; represents the level of economic activity then it is the business cycle
that is being isolated. If a permanent component is taken away from
y; we are investigating the growth cycle. In some instances a number
of variables representing economic activity are utilized to construct the
S; e.g. those provided by the NBER.



. Bull and bear markets are often described with a binary variable. The
underlying variable here will be some asset price e.g. the Dow-Jones
or the S&P500. Similar sets of rules are used to construct the binary
variables as adopted in dating business cycles. A number of series exist
for such S; e.g. Pagan and Sossounov (2003) and Candelon et al (2008)
for Asian stock markets.

. Financial crises. Here a unity indicates that a crisis is occurring while
a zero indicates that this is not a crisis period — see Eichengreen et
al (1995), Kaminsky and Reinhart (1999), Claessens et al (2008) and
Bordo et al (2001). The latter state (p 55) that “We construct the
familiar index of exchange market pressure (calculated as a weighted
average of exchange rate change, short-term interest rate change, and
reserve change...). A crisis is said to occur when this index exceeds a
critical threshold ”. Models are then constructed to see if an outcome of
S; = 1 can be predicted, and these are the basis of the "vulnerability"
or "early warning systems" literature.

. IPO markets are often classified as hot (S; = 1) and cold (S; = 0) -
see Ibbotson and Jaffe (1975), and Brailsford et al (2001) - depending
upon either the volume of new offers or the excess returns earned on
them.

. Commodity and real estate markets are often classified as booms and
slumps depending upon movements in the underlying prices e.g. Cashin
et al. (2002).

. In recent times a literature has emerged which looks at contagion and
which constructs binary variables that aim to capture features of the
joint movement in extreme values found in two series x;, 1;. These might
be equity returns in two countries. This literature is often referred to as
the study of "co-exceedances". It involves the construction of a binary
variable S; = 1( yy; > ¢, z1; > ¢) - see Bae et al (2003). Sometimes this
is augmented with a quantitative measure of the extremes such as z; =
min(y;, z¢)S; -see Baur and Schulze (2005). After construction, such
S; and z; are often used as the dependent variable in some regression
model e.g. Bae et al (2003) fit a logistic regression while Baur and
Schulze use a quantile regression.



One could continue on in this vein but, as the examples above indicate,
there are many situations in which binary random variables are constructed
from some observed continuous random variable and then utilized in some
way e.g. in a regression. This therefore raises the question of whether any
econometric problems arise from such operations.

The next section outlines some of the rules used to construct S; from y;,.
As might be expected the DGP of S; will be determined by the interaction
of whatever dating rule is adopted and the DGP for y,;. Section 3 shows that
we would expect that the resulting S; will exhibit time series dependence
i.e. they will follow a Markov process (MP). A failure to make an allowance
for this fact when using S; in empirical work leads to potentially invalid
inferences and biases. Yet it has been a common assumption within the
literature that the S; have no dependence as seen in the work of Birchenall et
al (1999), Chin et al (2000), and Estrella and Mishkin (1998) who all advocate
and work with a static discrete choice model (which we take to be Probit for
illustrative purposes but this is not important) . Whether a dynamic Probit
model would be sufficient to capture this dependence is something we take
up in section 3. A crucial element in this discussion will be the fact that often
the rules adopted to construct S; from 3, are designed to ensure that certain
patterns are seen in a history of S;. We demonstrate that such censoring
imposes restrictions upon the Markov process generating S; which simple
dynamic Probit models cannot capture. Section 4 then considers how one
would model and/or use the S; when there are other covariates determining
it. Finally, Section 5 provides an example of the methods that focusses on
the question of whether the probability of a recession depends on the yield
spread.

2 Constructing the States

Rules for determining the states can be of two types, depending on whether
they emphasise turning points in the underlying series or focus on sequences
of observations that terminate a phase such as an expansion or a recession.
A turning point rule finds local maxima and minima in the series y;. These
represent (say) the peaks and troughs of a business cycle. A termination rule
prescribes an event which would cause a change in the value of the state .S;.
In turn termination rules could either be non-parametric or derive from a
parametric model of ;.



To illustrate these distinctions suppose we consider defining a business
cycle. Perhaps the simplest definition is what might be termed the calculus
rule. This says that a peak in a series on activity, y;, occurs at time ¢ if
Ay, > 0 and Ay,.1 < 0. Thought of in this way it is a turning point rule.
The reason for the name is the result in calculus that identifies a maximum
with a change in sign of the first derivative from being positive to negative.
A trough (or local minimum) can be found using the outcomes Ay, < 0 and
Ayiy1 > 0. The states S; are simply defined in this case as S; = 1(Ay, > 0),
so that S; depends only on contemporaneous information. This rule has been
popular for defining a business cycle when y; is yearly data, see Cashin and
McDermott (2002 ) and Neftci (1984). Note that we might also think of this
rule as a termination rule since recessions terminate when growth is positive,
showing that the two types of rule are not always distinct.

In practice one does not define a recession in this way. When data occurs
at (say) the quarterly or monthly frequency one needs to recognize that
common usage of a word like “recession” would identify it with a sustained
decline in the level of economic activity i.e. something that lasts for several
periods. If one applied the calculus rule most likely there would be too many
turning points, since the growth rate might often switch sign between one
period and the next. Visualizing a peak in a series leads one to the idea that
a local peak in y; occurs at time t if y, exceeds values y, for s in a window
t—k < s < t+k, and where k is chosen in some way. One can define a trough
in a similar way. By making k large enough we also capture the idea that
the level of activity has declined (or increased) in a sustained way. Of course
we need to limit the window in time over which this test is applied. For later
reference we note that, in this instance, S; depends upon ¥+;,7 = 0,...,k
and so future values of y; are needed to determine the value of S; i.e. to
know whether a turning point occurred at time ¢ we need to know the future
behavior of ;.

A turning point rule based on a non-zero window is the basis of the NBER
business cycle dating procedures summarized in the Bry and Boschan (1971)
dating algorithm. In that program, designed for the analysis of monthly data,
k = 5. However, because much analysis is conducted with quarterly data, an
analogue with such data would seem to be k = 2. We will refer to this latter
rule as the BBQ rule. It is an automated dating rule and therefore differs from
the NBER Dating Committee’s decisions since the latter utilizes a number of
series for y; and exercises some judgement. But the correspondence in dates
produced by the automated procedure (BBQ) and the NBER choices is close,
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and the situation is therefore reminiscent of the popular use of an interest
rate rule to describe the Fed’s setting of the Federal Funds rate. It captures
the essence of decisions without the fine detail. These turning point rules
have been used in other contexts than the business cycle e.g. the dating of
bull and bear markets in equity prices by Pagan and Sussonov (2003), Bordo
and Wheelock (2006) and Claessens et al (2008).

A termination rule that is often cited in the financial press is that a
recession can be identified by a “two quarters rule” summarized as (assuming
that it is symmetric when defining expansions):

Sy = 1if (Ayt—H > O,Ayt+2 > 0|St_1 = O)
Sy = 0if 1(Ayt+1 < 0, Ayt+2 < O‘St,1 = 1) (1)

Sy = S;_1 otherwise.

This rule is non-parametric in the sense that it looks for patterns in the
data without making any assumptions about the DGP of y;,. Lunde and
Timmermann (2004) used a variant of this non-parametric rule for stock
prices while hot and cold markets for IPO’s were identified by Ibbotson and
Jaffee (1975), with a hot market being signalled by whether excess returns
and their changes for two periods exceed the median values. Eichengreen
et al. (1995) and Classens et al (2008) rules of this type to establish the
location of crises in time.

Parametric (model-based) termination rules proceed by working with a
parametric model of Ay,. Perhaps the best known of these arises by assuming
that Ay, is a function of a latent binary variable £, that follows a Markov
process, and to then construct a series of binary states using the MS rule S; =
1[Pr(§, = 1|F)—0.5], where F; is a set containing either the past history of the
observed random variable Ay; or perhaps the complete sample of observations
- see Hamilton (1989). Of course one could use other parametric models of
Ay; to produce S; e.g. a SETAR model, and the threshold for Pr(§, = 1|F})
could be set differently to 0.5. In all cases like this a classification into binary
outcomes S; is produced which will effectively involve checking if movements
in some function of the Ay, (and its lags) exceeds a threshold. Notice that
in the MS case the binary states that define recessions and expansions etc
are the S; not the £,. There may be no simple relation between these two
binary random variables and it will be rare for S; = £,. Others who have used
parametric termination rules are Maheu and McCurdy(2000) (an MS model
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for stock prices), Brailsford et al (2001) ( an MS model for IPO’s) and Abiad
(2003) (an MS model to establish crises).

Another important feature of many constructed states is that extra cen-
soring rules are applied based on imposing a minimum or maximum time that
can be spent in a particular state. Thus, for the business cycle dates as pub-
lished by the NBER, recessions and expansions must be five months long and
a complete cycle must last for 15 months. In quarterly terms these are best
interpreted as requiring a two quarter minimum phase length and 5 quarters
for a complete cycle. To implement these restrictions one generally proceeds
in a two stage fashion. In the first stage turning points are established with
the basic rule. Then if (say) there is some recession which only lasted one
quarter, the turning points which demarcate that recession are deleted and
the revised set of turning points will not have such a recession embodied in
them. Consequently, the final turning points are a sub-set of the original ones
i.e. the original ones are censored. We might term this a "hard" censoring
constraint since it explicitly over-rides the original set of dates. However, it
may also be the case that "soft" censoring is present which stems from the
nature of the basic rule that determines turning points, phase changes etc.
An example would be the “two quarters” rule, as this automatically makes
recessions and expansions have a minimum duration of two quarters. It also
seems likely that, for non-parametric dating rules that utilize a threshold on
y; for deciding on the value of S;, the threshold is often implicitly chosen in
order to produce such an outcome. Minimum duration of phases is certainly
evident in a lot of the S, that have been constructed.!

3 The DGP of The Binary States

3.1 Interactions of Rules and the DGP of Ay,

Because the S; are binary time series they need to be thought of as coming
from a Markov Process (MP). The issue then becomes what order of MP they
are likely to be and how the underlying data g; and rules interact to determine
this. It is impossible to provide a general account of this for any given Sy,
partly due to the difficulty of agreeing on a process for Ay; ( and perhaps

'In many instances use has been made of the Bry and Boschan algorithm for detecting
turning points in series such as stock prices. Thus in these cases the binary random
variables must obey the NBER censoring constraints.



even the nature of y;) and partly because the rule used for constructing the
S; may not be fully disclosed e.g. as with the NBER. This will necessitate
working with models of S; that adapt to the data. Nevertheless, in order to
gain an understanding of how the DGP of Ay, interacts with a rule, it will
be useful to run through a number of simple cases in which one of these is
varied and the other is held constant.

We begin by studying what type of MP eventuates when vy; is generated
as a random walk with drift

Ay, = p+ oey, (2)

where ¢; is i.1.d(0, 0%), and the calculus rule is employed for dating i.e. S; =
1(Ay; > 0). We will tentatively assume that this generates a first order MP -
termed MP(1). Hamilton (1994 p684) shows that if the S; is an M P(1) the
following identity holds:

Sy = po1 + (1 = por — p10)Si—1 + 1y, (3)
where 7, is discrete and conditionally heteroskedastic ( since it depends upon
Si—1) and

Pjk = Pr(Si1 = k[S; = j). (4)
We therefore need to evaluate the pj;; under the chosen scenario. This is
straightforward since

po = Pr(S1=0[S,=1)
= PI‘(AyH_l < 0|Ayt > 0)
= Pr(Ay1 <0) =1,

due to independence of Ay;. In the same way py; = 1 — ¢ and, from (3),
Se=1=1+(0x Sp—1) + 1y, (5)

showing that there is no serial correlation in the states S; i.e. it is an M P(0).

What happens if one relaxes the assumption that y, follows a random
walk with drift ( and Gaussian innovations) but retains the calculus rule?
Kedem (1980, p34) sets out the relation between the autocorrelations of the
Ay, and S(t) processes. Letting pp, (k) = corr (Ay,, Ay;—), and pg(k) =
corr (S, Si_r) , he determines that

ps(k) = 2 axcsin (pa, (K)) (©)
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Thus an AR(k) process for Ay, will mean an MP(k) for the S; process. It is

probably not surprising that the DGP of Ay, affects the DGP of S;.

Now let us return to the case where ¥, is a random walk with drift and
use the “two quarters rule” for dating phase shifts rather than the calculus
rule. Proceeding as before we take the S; process to be an MP(1).2 Then
the appendix shows that

_ _ =9y
P = my Po1r = ﬁ (7)
Iy —9y 14— ®)
b = <1+1/}) y Poo = 2_1/} .

Hence, using (3), we will have

(1-v)? -9 ¢
e - Si—1 + 1y, 9
and this example shows that the dating rule employed will make the S;

process at least an MP(1).

St:

3.2 Estimating Models of S;

As these examples show it will be rare for the S; to have no dependence. In
general it will follow an MP of non-zero order also so we now briefly look at
the form of MPs. These have a simple additive structure, which is evident
in the MP(2) below

St = ¢0 + ¢1St—1 + ¢2St—2 + ¢4St—15t—2 + Ny, (10)

where E;_;(n,) = 0. Higher order MPs involve all products of S;_; taken two
at a time, then three at a time etc. To illustrate a MP(3) would be

St = ¢p+ $15i-1 + 93512 + $35:-1S1—2 + $4,S1-151-3
+¢551-251-3 + $Si—151-251-3 + 1.

2The process might actually be of second or higher order but, for the purpose of com-
parison with the combination we started with it, is useful to focus upon the implications
for an MP(1). Note that the situation is like approximating an AR of higher order with
an AR(1).



For simplicity we will generally work with the second order case above.

Estimation of (10) is easy. OLS will provide consistent estimators, al-
though one might improve on their efficiency by making an assumption about
the nature of the heteroskedasticity in 7,. The main difficulty is that, as the
order of the MP increases, we may find that there are not enough observa-
tions in a given sample to ensure that the regressors are independent of one
another. In work with MPs various simplifications have been proposed that
involve restricting the parameters in some way e.g. Raftery (1985), but we
do not use these in what follows, although they may be useful in empirical
work.

Most of the extant literature working with the S; has not adopted the MP
framework. Instead a static Probit model was proposed and the assumption
used in constructing the log likelihood was that the S; had no dependence.
Since this is unlikely to be correct the likelihood has therefore been mis-
specified. In an attempt to deal with the dependence it has been suggested
that a dynamic Probit (DP) model might be used instead - see Deuker(1997).
Now one has to exercise some care here in deciding on what is meant by a DP
model. In micro-econometrics the Probit model has the following structure

¢ = xB+e, & nid(0,1)
(11)
2t = 1(§t > O>7

and this implies that E(z|z;) = ®(z}8), where ®(-) is the c.d.f. of the
standard normal. A natural correspondence to our case would seem to be to
set S; = z;. But what are the x,? If x; = (,_; then it will be necessary to
know exactly what y; is and, as we have pointed out, often this information
is not available e.g. the NBER Dating Committee is rather vague about the
precise derivation of S;. If we were to treat (, as a latent variable then the
estimation task becomes very complex indeed since the single index depends
on a latent variable. One version of the DP model that seeks to avoid such
complexity, and which has sometimes been used in micro-econometric studies
with S; that are dependent, involves assuming that x; include lags of S;
rather than (,. Such a model has been studied by de Jong and Woutersen
(2007). A likelihood is then derived for this model under the assumption that
E(S;_1e;) = 0. However the latter is generally not true of constructed S; i
since these are often formed using contemporaneous and future values of the
underlying data i.e. (,. For example, with the two quarters rule for business
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cycle turning points, S; depends on the outcomes of ,Ay;, Ay, 1 and Ay,
and so there must be a correlation between S;_; and ;. Studies that just
add S;_1 to the single index and proceed with a Probit model will therefore
produce inconsistent estimators of 5. Modelling the dependence between S;_;
and ¢; would be a very complex task, particularly if we do not know exactly
what rule is used and what y, is.

There is another approach. As noted above the Probit model implied a
specific functional form connecting z; and z; i.e. ®(z}5). Although there is
nothing to suggest that this will be true when x; = S; 1, we might neverthe-
less assume that it is correct. It is this assumption that we will take to be a
DP model. To investigate its adequacy in capturing the MP process that is
the DGP of S; we fix the order of the MP and DP processes to be the same.
Then a DP(2) process would be

PI'(St = 1‘515,1, Stfg) = E(St\St,l, St,Q) (12)
= P(co+ 151 + 2SS9 + €35;-15i-2). (13)

To compare this to an MP(2) suppose we perform an expansion of ®(cq + 2;)
around z; = 0, where z; = ¢1.5;_1 + ¢25;_2 + ¢35;-15;_2. Then we would get

D(co + 2¢) = co + p12¢ + pazl + ... where p; = %\Z:@ Now the terms

z can be written as Y1jSt-1 + V2;St-1 + V3;5:-15:—2 by utilizing the fact
that S/_, = S;_. The coefficients 7;; are functions of the four coefficients

c;. Hence
E(S|St-1, Si—2) = co + 11511 + 13512 + 135115 o, (14)

and so the DP(2) has the form of an MP(2). Consequently, in this case,
provided we make the number of parameters in the DP model the same as
in the MP process, the former is capable of replicating the latter.

3.3 Effects of Censoring Rules on the DGP of the States

Now, as we observed earlier, censoring is a pervasive feature of situations
where the S; are constructed. To investigate how this impacts upon the
models needed to capture the dependence in S; we will begin with an MP(2)
process for S;. For illustrative purposes, the NBER censoring constraint
that recessions and expansions have a minimum duration of two quarters is
chosen. One reason for this is that the data employed in Section 4 has been
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generated in such a way. Thus we begin with
Pr(Sy = 1|51, Si—2) = ¢ + $151-1 + $251—2 + ¢35:-15t—2.

Consider any 3-tuple of {S;, Si—1, S¢—2}. In the event that {S;—1 = 0,55 =
1} it must be the case that S; = 0, since recessions have to be of two-period
duration. Similarly {S;; = 1,S5;_2 = 0} means that S; = 1. Thus the
censoring restriction implies that

PI‘(St = 1’St1—OSt2—1
PI'(St = ]_|St1—]. St 2—0

)= (15)
)= (16)
There are no restrictions for the 3-tuples {S; = (0,1),5;-1 = 1,5, 1 = 1} and

1
{S; =(0,1),5;-1 = 0,51 = 0}. Translating (15) and (16) into parametric
restrictions on the MP(2) we get

P+ Py = 0 (17)
o+ = 1 (18)

Thus the presence of censoring induces restrictions upon the nature of the
MP(2). Indeed, in the regression (10) we would have a zero residual for any
sequence (1,1,0) and (0,0,1) i.e. the observations at the beginning of an
expansion and a contraction.

The parametric restrictions above does show up in regressions with NBER-
defined states representing the business cycle. Using the S; from their web
page over 1953/2 to 2001/4 we get

Sy = 0.429 + 0.571S; 1 — 0.4295;_5 + 0.375;_15;_2. (19)
Imposing the constraints on (10) involves estimating a regression of the form
ASy = ¢o(1 = Si1 — Si2) + ¢45:1S; 2.

and this gives identical results to those in (19) i.e. the regression model (10)
automatically imposes any censoring constraints even if they are unknown to
us, and this is a decided advantage of it.

To see what happens if the MP is of higher order suppose we are dealing
with an MP(3). Then this will be

St = ¢g+ G1Si—1 + P251—2 + P381-1S1—2 + 945153
+¢5S1—2St—3 + PgSt—151—251—3 + 1y,
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and the restrictions become

1 = ¢0+¢1+¢4St—3
0 = ¢p+ Py + @553

Since S;_3 could be either one or zero there would be two incompatible re-
strictions for the first set above corresponding to S;_3 = 1 and S;_3 = 0,
unless ¢, = 0. A similar argument for the second restriction means that
¢s = 0. Consequently, we are left with just the term S, 15, 25,3 as an
addition to the MP(2) model®.

Are such restrictions compatible with a DP model? It is clear that a DP
model would need to satisfy

1 = P(co+ 1)

0 = P(co+ ),
and this would mean that cy+c¢; = oo and ¢y + ¢c; = —o0. Thus, although we
saw in the previous sub-section that the DP model is a restricted MP, once
one imposes censoring constraints on the states this correspondence breaks
down. Indeed, in the few studies where S;_; have been added to the single
index in a DP model, an example being Dueker (1997), it is noticeable that
only S;_1 has been added. If S;_5 had been included ®(-) would take values
that cannot be defined in a log likelihood. Thus there seems no reason to
adopt a DP model in preference to the simpler MP approach.

4 The Impact of Covariates upon the DGP
of the States

4.1 MPs with Covariates and no Censoring Restric-
tions

We now wish to introduce covariates into the Markov process. Again it
is simplest to discuss the issues when we have a single covariate. From a

31n the previous version of this paper we described how one can test for the order of an
MP, starting with some pre-defined higher order and testing downwards, just as is done
in any standard autoregressive set up. To compare an MP(2) and MP(3) with NBER
censoring restrictions we therefore need to test if the coefficient of S;_1.5;_2S;_3 is zero.
The t ratio for this is -0.63 when working with the NBER data, so an MP(2) seems the
preferred model for that data.
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theoretical perspective the extension to the multiple variable case will be
obvious, although in practice it may be difficult numerically. Moreover, in
many applications there is just a single covariate such as the yield spread.
To gain some appreciation of how this complicates the analysis we provide
a treatment in the appendix of Pr(S; = 1|z;) when the two quarters dating
rule is applied to a series whose growth rate is driven by some variable x;.
It emerges that this conditional probability is not a function of just the
contemporaneous value of z; ( as in the static Probit model) but involves
all past values of x;. This points to a modification of the Markov process in
which z; influences the transition probabilities; we will call such processes
MPC. For the second order MP an appropriate generalization to an MPC(2)
format might be

Sy = alwy) + B(x)Si—1 + ¥(2)St—2 + 6(2)Sp-1.S; -2 + 1m0y, (20)

where a(x;), 5(z:), v(x;) and 6(x;)are some non-linear functions of x;. Using
the same argument as earlier it should be clear clear that a dynamic Probit
model would have the same form as (20), with the polynomials effectively
being of infinite order.

4.2 MPs with Covariates and Censoring Restrictions

In the MPC(2) case the censoring restrictions now imply that

so that the Markov process becomes
AS, = a(x)(1 — Sy — Si—2) + 0(24) Si—1.51—2 + 1,

If the polynomials were first order linear we would be adding on to the
regression of the previous section the regressors x;(1 — S;_1 — S;_2) and
x¢S;_15;_2. In that instance we can test the significance of the extra regressors
to determine if there is any contribution. One can do this non-parametrically
by using a series expansion for the unknown « and J.
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4.3 Estimating MPs with Covariates

The problem now is to estimate the covariate-augmented MP model when
there are censoring restrictions. To decide on how to proceed it is necessary
to first ask what it is envisaged that the model will be used for. If it is to
estimate F(S;|z;) then we do not need to estimate a(x;) and 6(x;) separately.
An alternative quantity of interest would be E(Si|zs, Si—1 = 1,5;_0 = 1) i.e.
what is the probability that we will continue in an expansion for various
values of z; ( and a similar question can be asked about recessions)? This
can also be computed without knowing the separate functional forms. Indeed
it is hard to think of any issue that requires us to estimate «(x;) and ()
separately and we will proceed under this presumption. In the event that
they were of interest the additive nature of the model suggests that the
polynomials be estimated as spline functions.

Let us therefore look at the estimation of F(S;|z;). By the law of iterated
expectations this is Fg(_1)g(—2) L (S¢|z¢, St—1, St—2) and, given the discrete na-
ture of the S;, it will become

1

E(Si|z;) = Z

1
k=0 j=0

E(St|l't, St,1 = ]f, St,Q = ]) Pr(St,1 = k, St72 = j) (21)

Now it is possible to estimate E(S;|z, S;—1 = k, S;—1 = j) by kernel regres-
sion. Letting Iy;; = {t s.t. Si—1 =k, S;_2 = j}, in large samples these expec-
tations can be found by applying the kernel estimator to each of the four sets
of observations distinguished by ;. The probabilities Pr(S;_1 = &, S;—2 = j)
can be estimated by the fraction of observations in each set of outcomes. Of
course if we were looking at E(S;|zy, S;—1 = 1,S;_5 = 1) we would just use
those observations in [;.

To determine the asymptotic distribution of the estimator of m(x) =
E(St|z¢) we note that from Theorem 3.5 p 110 of Pagan and Ullah (1999)
we have

(0h) 2 (ina*) ~ Exm(@) = ()" Y Kol

Standard central limit theorems for independently distributed random vari-
ables mean that the term in brackets will be normal with zero mean and

15



variance limy ..o > iy Ex (3 K#n,), where K, = K (“5%). This is

T
_ 1 1
lZmT*)ooT i:E 1 E(ﬁKtOJ(xt)).
Making the change in variable to ¢ = h™!(z; — z*) we get

E( KtU xt /K2 iU +h¢) w

and, as T' — oo, h — 0,

1
limr_ oo — ZE K2 2 (x¢)) /K2

To compute o%(z*) we note that the conditional variance o%(z;) = F(S?|x;)—
[E(S;|z¢)]?. But because S? = S; this is just (1 — E(S;|x;))E(S|z;). Hence
we compute the conditional variance by weighting the different sets of obser-
vations as for the mean in (21).

4.4 Modified DP with covariates and censoring restric-
tions

The DP model can be modified to deal with censoring restrictions by extend-
ing standard probit model as follows

G =SS [1Bn + & + (1= Sim1) (1 = Sima) [23 800 + &4
+St—1 (]. - St_g) — (]. — St—l) St_g (22)
€t~n.i.d.(0, 1)

7z = UG >0),

The DP model allowing for censoring can be estimated by running sepa-
rate Probit models on the two sub samples one where S;_; =1 and S;_, =1
and the other sub sample where S; 1 = 0 and S;_5 = 0. Thus E(S|x;, S;_1 =
k,S; o=37)=® (a:éﬁ kj) and using the law of iterated expectations we obtain
E(St|z;) using (21)

E(Si|xy) = ®(a}B11)Pr(Si1=1,52=1) (23)
d (x:fﬁUO) PI'(St_l = 0, St—2 = 0) + PI'(St_l = ]., St_g = O)
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Where the last term in (23) arises because cycles are censored so that phases
last at least two periods. The probabilities Pr(S;_; = k, S;_o = j) can be
estimated by the fraction of observations in each set of outcomes.

5 An Application to the Probability of Re-
cessions Given the Yield Spread

We apply the method developed above to the extent to which the yield spread
(sp;) affects the probability of an expansion occurring. Estrella and Mishkin
(1998) did this using a Probit model assuming that the NBER S; were i.d.
and uncensored. In this application we use the method described above to
take account of the fact that the NBER states S; are neither independent,
identically distributed nor uncensored. The conditional mean is calculated
using (21) with the kernel regression methods discussed in chapter 3 of Pagan
and Ullah (1999).1

Estrella and Mishkin (1998) find the best fit using the yield spread lagged
two quarters and we continue with that assumption here, so z; = sp;_» in
this application. Figure 1 plots the probability of recession given the spread,
E(1 — Sy|sp;_2), against sp;_». assuming that S; follows an MPC(2) process
obtained via (21).° Also shown on Figure 1 are 95% confidence bands ob-
tained using the asymptotic results for E(S;|z;) given earlier. Figure 1 also
shows the estimate of Pr (S; = 0|sp;_) obtained from a probit model. It
is clear that there is a difference between the probability of recession ob-
tained from a Probit model and that obtained via (21) from the MPC(2)
model with sp;_» as the covariate. Indeed the estimate of Pr (S; = 0|sp;_2)
obtained from the Probit model lies outside of the two standard deviation
confidence bands for spreads between 0.125 and —0.75 i.e. the Probit model
over predicts the probability of recession when the yield curve is just inverted
and this over-prediction is statistically significant. The MPC(2) model with
sp;_o as the covariate suggests that large negative yield spreads are needed to
produce a high probability of recession. Another difference is that for yield
spreads higher than 2.0 the Probit model yields a predicted probability of re-

4The window width used to compute E(S¢|x¢, S;—1 = k, S;_2 = 7) is néj where ny; is
the number of cases where (S;_1 =k, S;_2 = j).

®As reported earlier the NBER states were tested for MP(3) against MP(2) and the
latter was favoured.
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cession that is statistically significantly below that obtained from the MP(2)
model with sp;_» as the covariate. This is explained by the fact that, as
the yield spread becomes strongly positive, the MPC(2) model implies that
the probability of a recession tends to its unconditional probability, which
makes sense. However, the Probit model puts this probability to zero since
its functional form does not allow such behaviour. That is, unlike the Probit
model the MP(2) model does not predict that economies are assured to avoid
a recession if the yield spread is sufficiently large and positive.

Figure 1: Probability of recession from MP(2) and Probit models conditional
on the yield spread lagged two quarters
1
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o
©
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—---Lower 95% confidence band
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Earlier we cited papers that estimate DP models with lagged values of
S; as the explanatory variables. Such a DP model would take the form of
(11). We have shown above that the model cannot be estimated when z;
contains both S;_; and S; o as fitting the censoring of the data requires
certain parameters to be infinite. We can, however, estimate models where
xy = {1, S¢-1, Spt—2} . Such a model would be invalid because it does not allow
for censoring but it is instructive to estimate this DP model and compare
the probabilities of recession from this model with those obtained from the
DP model (22) which does allow for censoring.

Figure 2 plots the probability of going into a recession next period con-
ditional on the yield spread and being in an expansion last period. Clearly,
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there is a small difference between the DP model that allows for censoring
and the one that does not make that allowance.

Figure 2: Probability of moving from expansion to recession in DP models
that vary in whether they allow for censoring
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Figure 3 plots the probability of continuing in a recession. Here there is
a substantial difference between the estimated probabilities. The DP model
that makes no allowance for censoring over predicts the probability of staying
in a recession when the yield spread is below 2.3 and under precicts the
probability of a recession when the yield spread is above 2.3 per cent.

E(St|z¢) can be calculated from the DP model where there is no allowance
of censoring as follows®

E(SACL}) = & (CV[) + oy + Oégsptfg) Pr (St,1 = 1) (24)
+@ (g + agspy_2) Pr(S;_1 = 0) (25)

Figure 4 plots the probability of recession [1 — F(S;|z;)] estimated from
the DP models that allow for censoring (equation 23) and do not allow for

SHere ayg is the constant and a; the coefficient on S;_; in the Probit model.
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Figure 3: Probability of continuing in recession, DP models that vary in
whether they allow for censoring
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censoring (equation 24). The DP model that doesn’t allow for censoring
over predicts the probability of recession when the yield spread is below 0.53
and under precicts the probability of recession otherwise. The extent of the
under prediction of recession is substantial. The evidence in these three
figures suggests that failure to allow for censoring results in subtantial bias
in estimates of the probability of recession.

Having established that making allowance for censoring is both theoret-
ically and empirically important it is of interest to evaluate the extent to
which the yield spread is useful in predicting the probability that an expan-
sion which has lasted for two or more periods will be terminated and the
probability of continuing in a contraction that has lasted for two or more
periods. The former is the quantity E(S;|z;, S;—1 = 1,S;_2 = 1) while the
latter is F(S;|zs, Si—1 = 0,52 = 0).

The probability of leaving an expansion that has lasted for two or more
quarters is shown in Figure 5. There is a substantial difference between the
estimates obtained from the MP(2) model using non parametric methods
(described above) and those from the DP (2) model that allows for censoring.”

"The confidence intervals for the non parametric methods were obtained using the
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Figure 4: Probability of recession from DP models that vary in whether they
allow for censoring
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The DP (2) model over predicts the probability of leaving an expansion for
yield spreads in the range -1.1 to 0.3 and under predicts the probability of
leaving an expansion for yield spreads below -1.1. While these differences are
not statistically significant at the 5% level they are sufficiently large to be of
economic interest to policy makers.

The probability of leaving a recession that has lasted for two quarters
is plotted in Figure 6. Again the probabilities are from the MP(2) model
estimated non parametrically and the DP(2) model allowing for censoring.
There is a substantial, difference between the probabilities from the two mod-
els and this difference is both economically and statistically significant. The
most important difference between the probabilities from the two methods is
that the MP(2) model suggests that there is no decrease in the probability
of staying in recession from when the yield spread returns to positive until is
reaches 2.5 per cent. The DP(2) model, in contrast suggests that the prob-
ability of remaining in recession declines monotonically as the yield spread
increases.

Of course, one may question the accuracy of the asymptotic confidence

methods described above.
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Figure 5: Probability of terminating an expansion that has lasted for two
quarters
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Figure 6: Probability of continuing in a recession
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intervals as there are only 10 per cent of cases where the economy is in
contraction for two or more periods. But even after allowing for this caveat
the results presented above are likely to be of considerable practical interest.

6 Conclusion

We have made the argument that constructed states S; require careful treat-
ment if they are to be used in econometric work, since they are very different
in their nature to the binary states often modelled in micro-econometrics.
One has to allow for the fact that they are essentially Markov processes
when engaging in a broad range of estimation and inference methods. But,
to date, the nature of the S; has mostly been ignored, with the potential for
misleading estimates and inferences. We have suggested some methods to
deal with this fact. In the application these methods produce results that
differ from those obtained by a standard procedure that does not allow for
the Markov process nature of the binary states and forces a functional form
upon the data that is not appropriate. We have shown that these difference
are economically and statistically significant.

Appendix

The determination of these transition probabilities becomes much more com-
plex with the “two quarters rule” as the conditioning event S; ; = 1 will place
some restrictions upon the past sample paths for {Ay,} that are associated
with an ET'S. For example the sequence

{Ayt+l7Ayt7Ayt—17Ayt—27 ...... } = {_,_,_-,+7....} (26)

would be incompatible with S;_; = 1 since the negative growth at t —1 would
match with the negative growth at ¢ and so the expansion would have been
terminated at ¢t — 1. It is clear that the sample paths {Ay; 1, Ay, o, ...} that
are compatible with S;_; =1 and {Ay;11 < 0, Ay, < 0} must have the form
{+, ...} and in such paths we must encounter a {+,+} before we encounter
a {—, —}. If this did not happen e.g. we had for {Ay,_1, Ay, o, ... }the path
{+,—,+,—,—, ...}, then the recession would have begun at ¢ — 5 and would
still be running when we reach ¢ — 5

Now let us consider an enumeration of the paths that are consistent with
S;_1 = 1. This is done in the matrix below where the first column represents
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time and subsequent columns represent paths along which we are assured
that S;_; = 1. The notation used is as follows:

e “+7 indicates Ay, > 0;

“ b

e “—7 indicates Ay; < 0;

e “x” before a “—” indicates that any pattern for the observations can

occur along the path up to and including that point;

e “x” following a “+” indicates that any pattern for the observations can
occur along the path from that point forward.

Thus looking at the second column the “+,+” at ¢ and ¢ — 1 assures
us that S;_; = 1 along all paths that exhibit this pattern at ¢ and t — 1.
Similarly, the “—” at ¢ and the “+,+” at t — 1 and ¢ — 2 assures us that all
paths with this pattern are consistent with S;_; = 1. Similar logic can be
applied to all the subsequent paths.

[+ 1

* ok ok ok k%
t + -+ - -
t—1 + + - + - +
t—2 * + + - 4+ -

t—3 * + + =+ (27)
t—4 x 4+ 4+ -
t—5 L e
t—6 x4
*

To understand the derivation of these paths suppose we start with the
four possible outcomes for (Ay;, Ay,_1}, namely {+,+},{—,+},{+, —} and
{—,—}. The last would give S;_; = 0 and the first S; ; = 1; thus the
first becomes the second column of the table. The other two outcomes do
not enable us to decide what the state for S;—; is and so we proceed to
observation ¢t — 2 and consider what happens to each of them as we add on
a — or a +. Thus {—, +,+} will give S;_; = 1 and that becomes the third
column. But {—,+, —} produces no resolution and one needs to proceed to
t — 3. Augmenting {+, —} with a + also fails to resolve the indeterminacy
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while adding on a — result in S;_; = 0. Consequently that path has to be
continued on to ¢ — 3 as well. The process continues in this way and all
columns of the matrix will eventually be enumerated by such a strategy.

To formalize the discussion it is helpful to separate the set of paths that
are consistent with S;_; = 1 into two subsets. Let E; be the set of paths
such that {Ay, >0 and S;_; =1} and F; be the set of paths such that
{Ay; <0 and S;_; = 1}. If we introduce the notation that

° [—l——]{ represents the fragment of the path along which there are j rep-

etitions of the pattern in the [+—|.with the leading term in the pattern
being located at time t,

e [++], represents the fragment of path where the pattern ” ++" occurs
with the first ” +” being at ¢t and the second at ¢t — 1

e [—], represents the case where Ay, <0,

the sets F, and F; can be enumerated as
By = { [t = s e lf Bt s el g5 ) (28)

=y s [l = s } (29)

fe= { [_]t [+_]t2—1 [++]t—5 3 [_]t [+—]1f_1 [++]t—2j—1 M

Thus, using the notation that Pr (E;) represents the probability that the
path is drawn from the set F;, and recognizing that the paths are mutually
exclusive, we have ( to simplify notation we have omitted the conditioning
on Sy, in equations (30), (31), (32) and (34).%)

Pr(B) = Pr (141 4], ) 30

J=0

and

8To simplify notation we have omitted the conditioning on 341 in equations (30), (31),
(32) and (34).
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[e.9]

Pr(F) = > Pr ([-], =l [+ ) (31)
By definition ]
Pr(S;-1 =1)=Pr(E;) +Pr(F). (32)

Interest also centres on the joint event Pr{S; =0,5;_1 = 1}; this will
involve the set GGy, defined as

Gt = { [__]t—i-l H_—i_]t—l ) [__]t—i-l [+_]t—1 [++]t—3 ; [__]t+1 [+_]?—1 [++]t—5 3o }
rs [__]t—H [+_]i—1 [++]t—2j—1 3o
(33)
Then, since S; is a stationary process,
PI'(St = 0, St—l = 1) Pr (Gt+1)
Pro Pr(S,_, = 1) Pr (E,) + Pr (F)) (34)

If Pr(S; = 1, 5;-1 = 0) is constant, which essentially requires Ay; to be a
random walk with time invariant drift and variance, then Pr(S, = 1,5, 1 =
0) = Pr(S; = 0,5;-1 = 1) (as the number of peaks and troughs must be the
same). Using this in conjunction with Pr(S; = 0) = 1 — Pr(S; = 1) we can
directly derive pg; from the same information as used to construct pig. If
Pr(S; = 1,5;_1 = 0) is time varying (as would be the case where p, depends
on some exogenous variable) then one also needs to enumerate the various
paths where S;_; = 0.

Considering the limits of F; etc we get

Pr(E) = > (1=v) (-l

B :<1—¢)2
= T01- ) (35)
Pr(F) = Zwu—w [W(1—y)
(1 —y)?
[T (36)



Pr(G) = zyfu—wfwu—ww

V(1 - ¢)*
=0 9) 37
and so
Y
Pio = 1+ ) (38)
14—
pu1 = W (39)
Y
Por = (12 _12}) (40)
2
Poo % (41)

Now in some of the literature we deal with it is assumed that the process
for Ay; depends linearly upon some other variable x; in the following way:

Ay, = a+ bxy + uy (42)

where the x; are taken to be strictly exogenous (and so can be conditioned
upon) and wu is n...d.(0,1). If ¢, = ® (—a — bx;) , applying the enumeration
method results in

Pr(Ei1[Si1) = Z Pr ([+—]§+1 [++]t+172j>
= (1 - th) (1—1y) (43)
D TIEMSEN [

and
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Pr(Fiq|Si1) = i Pr ([_]t+1 [+—]i [++]t—2j>

= ¢t+1 (1 - wt) (1 - ¢t—1) +

£

j=1 i=0

Letting P, = Pr (S; = 1|S8441) under the two quarters rule gives

P, = Pr (Ei1|Se41) + Pr (Fiia|Sega) (45)

It is clear from this expression that the use of the two quarters dating
rule means that P, is a function not only of x; but also of z;,; and the entire
past history of x;. Moreover it does not have a single index form i.e. does not
depend upon a + z; alone. Only if the dating rule had been the “calculus”
one would Pr(S; = 1|S441) = (1 — ¢,) be a function of x; only. Clearly the
lesson of this analysis is that one cannot just assume that Pr(S; = 1) is a
function of a contemporaneous variable only; it is necessary that one know

how the S; were generated in order to be able to write down the correct
likelihood.
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