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Abstract
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1 Introduction

In the last three decades there has been a significant increase in the number of R&D collaboration

agreements between firms. This number rose sharply in the 1990’s and has remained high in recent

years.1 As a result of this trend, a typical firm nowadays carries out independent in-house R&D and

in addition is engaged in several joint research projects with distinct partners. For instance, in the

pharmaceutical sector, leading firms such as Bayer, Bristol-Myers-Squibb, and Glaxo-Smith-Kline

now explicitly state that their research strategy relies upon a combination of in-house research and

collaborations with other firms to deliver innovation.2 We refer to this organization of research as

hybrid R&D.3

This hybrid form of organizing research, which combines in-house R&D and collaborative R&D

with distinct partners, raises the following questions:

1. What are the relative merits of in-house and joint research projects and how do firms allocate

resources between different projects?

2. What are the circumstances under which such hybrid forms of organization are optimal for

firms?

Existing work on research collaboration among firms proceeds by assuming that firms either work

all together or carry out independent research.4 This formulation rules out the possibility of

hybrid forms of research organization which have assumed center-stage in the last two decades.

The principal contribution of our paper is a model of R&D which accommodates such forms of
1See Hagedoorn (2002) for an analysis of general trends and patterns in inter-firm R&D partnering since the early

1960s.
2For example, GSK has on-going collaborations with Bristol-Myers, Merck and Hoffmann-La Roche, while Bayer

currently collaborates with Millenium and CuraGen and ComGenex. In the aeronautic defense sector Boeing has
been engaged in joint research with Alenia Spazio and EADS in the area of missile defense, while EADS (Eurocopter)
collaborates with Onera on developing the technology for high-speed helicopter flight. Finally, research collaborations
are very popular among firms in the IT sector. For instance, IBM and Intel work on blade servers, IBM and Apple
work together on a new 64-bit Power PC processor, CSC conducts joint research with Oracle, IBM and SAS.

3The hybrid nature of R&D is also reflected in patent grants. For example, Daimler-Chrysler AG has independently
obtained a series of inventions in the area of gear change transmissions for motor vehicles and, at the same time, has
been engaged in collaborative research with BMW Group and Volkswagen AG on processes and systems aiming at
reducing emissions of internal combustion engines. Similarly, Toyota Motor Co. has patented a series of inventions
developed in-house in the area of carburetors while it has been collaborating with Daihatsu Motor Co. Ltd. in
intake manifolds for multi-cylinder internal combustion engines, and with Aisin-Warner in the area of four-wheel
drive transmissions.

4There is a long and distinguished history of work in this area; influential contributions include Amir, Evstigneev
and Wooders (2003), d’Aspremont and Jacquemin (1988), Kamien, Muller and Zang (1992), Kamien and Zang (2000),
Katz (1986), Leahy and Neary (1997), and Suzumura (1992).
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organization. Specifically, we introduce a model in which an individual firm chooses levels of

investments in its in-house research as well as in each of its different joint research projects. This

innovation yields a framework in which the above questions can be addressed.

When firms produce complex products involving a range of technologies and skills that are difficult

to master individually, hybrid R&D arises naturally. A firm prefers to undertake research related

to its core activities independently, that is, projects related the set of technologies, activities or

research areas mastered by the firm are more effectively done in-house. By contrast, the potential

for efficiency gains in non-core activities is relatively large so firms prefer to work in these areas

with collaborators.5

Our model of hybrid R&D incorporates these ideas. Each firm has a set of distinctive core research

competences which are carried out in-house. In addition, pairs of firms can combine skills and open

new avenues of research in non-core areas. A firm’s investments in its in-house project and in its

joint projects taken along with the investments of its collaborators determine its operating costs.6

Given these costs, firms compete in the market by choosing prices or quantities.

We first explore the relationship between investments in in-house research and in joint research

projects. Our main result derives a necessary and sufficient condition, on the profit function of a

firm, for all the projects in the research portfolio of an individual firm to be complementary. We

emphasize that this complementarity is driven entirely by the market advantages generated by being

a lower cost firm and thus obtains in the absence of any technological spillovers across projects.7

The intuition behind this result is as follows: on the one hand, as a firm i invests more in a joint

project with firm j, it lowers its own costs and expands its quantity sold. This has a direct effect

on the marginal returns from investments in the in-house project. On the other hand, as a firm

invests more in a joint project, the costs of the partner firm go down, and this raises the relative

output of the collaborating firm. This has a negative effect on the marginal returns from lowering

its own costs. The prospects of the complementarity result thus depend on the relative magnitude
5The notion of core activity or core competence was developed by Prahalad and Hamel (1990) in the business

literature. ‘Miniaturization’ at Sony, ‘small engine design and manufacture’ at Honda, ‘total vehicle architecture’ at
Ford Motor Co., ‘four wheel drive’ at Subaru and ‘measurement technology’ at Hewlett Packard are examples of core
competences often mentioned in the management literature (Leonard-Barton, 1992; Petts, 1997).

6We assume that research lowers marginal costs of production; in this formulation we are following the standard
models in the literature see e.g., d’Aspremont and Jacquemin (1988), Kamien, Muller and Zhang (1992), Leahy and
Neary (1997) and Suzumura (1992).

7For a general examination of incentives for innovative activity under different forms of market competition, see
Vives (2005). That paper also makes the point that the incentives for innovation are similar across a range of models
with price and quantity competition.
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of these two effects. We show that in standard models of oligopoly when firms compete in prices or

in quantities the positive effect dominates and investments in in-house and joint research projects

are complements. We also note that if firms operate in independent markets, the second negative

effect is absent, and so complementarity between in-house and joint research always obtains.

We then turn to an examination of equilibrium investments and profits under different forms of

market competition. Here we uncover a second general aspect of the complementarity across

projects: a firm’s investment in in-house project as well as in each of the joint projects increases

as the number of joint projects every firm is engaged in rises. This result has the following natural

interpretation in the context of the research on core competence: it says that as a firm diversifies

its portfolio of research projects, the incentive to invest in core in-house research increases.

This result also yields an insight into the level of efforts undertaken by firms with different number

of research collaborations: in a collaboration between a highly linked firm and a poorly linked firm,

the former will exert higher research efforts. Related to this is the observation that total research

efforts will be higher in a joint project between two highly linked firms as compared to the research

efforts in a joint project between a highly and a poorly linked firm.8

We then turn to the profit implications of collaborative research. In our setting, efficiency gains from

joint projects are significant and so collaboration is individually incentive compatible provided that

firms face symmetric research opportunities. The above results on effort levels suggest that denser

networks of collaboration lead to more efficient industries and thus to larger aggregate quantity.

However, we find that in large industries the profits of the firms decrease as the number of partners

of a typical firm increases. This points to excessive individual incentives to invest in R&D and also

suggests that collaboration may exacerbate this problem. To the best of our knowledge this finding

of a tension between individual incentives and collective interests in the context of collaborative

R&D is novel.

Our paper contributes to two strands of research. The first strand is the literature in business

strategy on core competences and the role of alliances and networks. The second strand of research

is the recent work on network effects.

The notion of core competence has been central to theorizing in business strategy and management

science since the work of Prahalad and Hamel (1990). The model of hybrid R&D presented in
8This result on unequal investment levels arising from differences in the number of joint projects of the partner

firms is developed with the help of a 4 firm example in section 5.
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this paper offers a natural formulation of core and non-core competences. One of the recurring

themes in the strategy literature is whether investments in different projects are substitutes or

complements and whether collaboration in non-core areas divert investments from core areas (see

e.g., Doz and Hamel (1998)). Our analysis shows that investments in core and non-core areas are

complements and that an increase in the joint research opportunities of a firm increases investments

in independent as well as in each of the existing joint projects. Existing empirical work suggests that

collaborative alliances and in-house projects reinforce each other and are complementary, see e.g.,

Arora and Gamberdella (1994), Cassiman and Veugelers (2002a, 2002b), Mowery and Rosenberg

(1989). While these papers emphasize the role of technological spillovers in explaining the observed

complementarity, our paper shows how in-house and joint projects can be complementary purely

due to market related considerations and in the absence of any technological spillovers. Thus our

paper provides an alternative foundation for the observed complementarity.9

In recent years, a number of authors have explored the effects of network architecture on individual

incentives and aggregate outcomes (see e.g., Ballester, Calvó-Armengol and Zenou (2006), Bra-

moulle and Kranton (2007), Deroian and Gannon (2006), Galeotti (2004), and Goyal and Moraga-

González (2001)). In these models, individual players are embedded in a network and each player

chooses a single action which affects the payoff of those who are connected to the player in ques-

tion. The novelty of the present paper is that actions (investments) are specific to a partner. This

model of partner specific investments constitutes a natural first step in the study of strength of

links. It opens up the possibility of studying questions like free riding and exploitation in bilateral

relations, which are of general interest in economics. This potential is illustrated by our finding

that partners in a joint research project will put unequal efforts into their common project if they

have a different number of joint projects, with the more linked partner putting in a higher level

of effort. We also find that relationship specific investments have strong implications for economic

performance. For example, Goyal and Moraga-González (2001) study firms which choose a single

R&D level and share it with all their collaborators. They find that R&D investments are decreasing

and profits are non-monotonic in the number of partners while in the present paper we find that

R&D investments are increasing and profits are decreasing in the number of collaborators.

The rest of the paper is organized as follows. The general model is presented in section 2. In section
9This raises the issue about the relative magnitude of the two sources of complementarity and as an anonymous

referee said, this raises the question also of how the two sources of complementarity can be distinguished. These
are important empirical questions but we believe that they lie outside the scope of the present paper. We thank an
anonymous referee for bringing these issues to our attention.
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3 we present a general result on the complementarity of investments in different projects. Section 4

examines equilibrium investments and profits under quantity and price competition, when all firms

have the same number of collaboration partners. Section 5 discusses issues relating to asymmetric

collaboration structures, endogenous levels of collaboration and the social welfare implications of

hybrid R&D. Section 6 concludes.

2 The model

We consider a two-stage game. In the first stage, each firm allocates resources to its private R&D

project and to every joint R&D project available to the firm. These decisions determine the effective

costs of production of every firm. In stage two, firms compete in the market by setting prices or

quantities. The details of the game and the notation follow.

Collaboration networks and research strategies: Let N = {1, 2, . . . , n} be the set of ex-ante

identical firms. We shall assume that n ≥ 2. Each firm is endowed with a set of core research

capabilities, i.e., distinctive competence and skills within the firm that enable it to undertake in-

house R&D. Let us normalize the number of in-house projects per firm to one. In addition, a firm

can potentially engage in bilateral collaborative work with other firms when research opportunities

between the parties are available. We normalize the number of projects two firms can undertake

together to one.10

The set of potential joint research projects with other firms is represented by an (undirected)

network g with n nodes. Whenever ij ∈ g, this means that there exists a potential collaborative re-

search project between firms i and j; this project is activated if firms i and j pool their differentiated

expertise in a new research trajectory.11

Let Ni(g) = {i ∈ N |ij ∈ g} be the set of firms with which firm i can potentially initiate a joint

project in network g. Part of our work focuses on symmetric networks, i.e., where all firms have

the same joint research opportunities, |Ni(g)| = |Nj(g)| = k. In this case, we shall refer to k as the

degree of collaborative activity in the industry. Clearly, k can take on values 0,1,2,...,n− 1.
10In actual practice collaboration projects often involve 3 or more firms and two firms may have more than one

joint project going on at the same time. The assumption of bilateral collaboration ties and a maximum of one project
per pair of firms is made for analytical simplicity.

11In the basic model we are assuming that the research projects available to a firm are exogenously given; however
projects are only activated if firms allocate resources to them. For a discussion of endogenous determination of the
level of collaboration see section 5.
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Given the set of potential collaboration projects g, a firm i chooses the amount of money xij ∈ IR+

to be spent on the joint project with firm j, j ∈ Ni(g), as well as the level of the R&D expenditure

in its own core (in-house) project xii ∈ IR+. Let xi = (xii, (xij)j∈Ni(g)) be the research strategy of

firm i and x = (xi)i∈N denote a strategy profile for the n firms.

The nature of research and cost-reducing R&D: We assume that the returns to R&D in-

vestment in in-house research are given by the function f : IR+ → IR+, while every collaborative

project yields returns given by the function h : IR2
+ → IR+. We normalize the number of in-house

projects to one, and also suppose that any pair of firms can only undertake one joint project. We

assume that f and h are strictly increasing, strictly concave, and twice differentiable on IR+ and

IR2
+, respectively. Denote by hd(y) the constriction of h to the diagonal: hd(y) = h(y, y). We

impose some boundary conditions on f and h to guarantee the existence of symmetric equilibrium:

f(0) = 0, h(0, 0) = 0, the derivative of f and the partial derivatives of h at zero are sufficiently

large and, finally, functions f and hd are bounded for large investment levels.

Given the research strategy xi of a firm i, this firm obtains a research output f(xii) from its in-

house project, while it obtains a research outcome h(xij , xji) from the research project with firm

j, j ∈ Ni(g). Given the outcomes of all research projects of a firm i, its unit cost of production is

given as follows:

ci(g, x) = c̄− f(xii)−
∑

j∈Ni(g)

h(xij , xji). (1)

This cost-reduction formulation is important in our analysis and we discuss the ideas underlying

it. First, we note that research activity yields cost reduction in a deterministic manner. This

formulation naturally suggests itself as a model of process innovation; while this is quite specific,

it is worth emphasizing that a similar formulation has been used in many of the seminal papers

in this literature, see e.g., d’Apremont and Jacquemin (1988), Leahy and Neary (1998), Kamien,

Mueller and Zhang (1992) and Suzumura (1992).12

Second, we note that the additive structure reflects the fact that distinct in-house and joint projects

go along different research trajectories and there are no technological spillovers across them. The

absence of technological spillovers is motivated by the growing complexity of many products and
12For an empirical assessment of the relationship between product vs process innovation and the size of firms, see

Cohen and Klepper (1996). They observe that larger firms allocate relatively a larger share of resources to process
innovations as compared to small firms.
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the distinct technologies that are involved in different aspects of the product. As an example of

this consider the automobile industry: investments in improving lamp illumination or in reducing

lamp costs have no influence on the cost of producing engine starting procedures, nor on the cost

of producing collision safety devices like airbags.13

Third, we note that, since f and h are concave, the additive structure also provides an incentive

for spreading efforts across different projects and therefore an increase in the number of projects

embodies efficiency gains. To clarify the role of this additive structure, we have also considered

the case of a single research trajectory. In this case all efforts of a firm enter the same R&D

production function: we assume that ci(g, x) = c̄ − F (xii +
∑

j∈Ni(g)(xij + xji)), where F is a

positive, symmetric, increasing, and concave function. Clearly, here every firm has an incentive to

engage in independent research only (see the Appendix for a proof of this result).

Finally, two firms can combine their skills and find new avenues of research that lie outside their

core competences. This is motivated by the idea that core capabilities are quite specific to the

firm and so different pairs of firms can potentially collaborate on distinct research projects. This

however will only be possible when a research opportunity between the two firms exists, which

is exogenously given to the firms. In case of symmetric networks, the number of joint research

opportunities is given by k; more generally, the set of opportunities for collaboration by g. In

all cases, the cost specification in (1) assumes that projects with different partner firms go along

different research trajectories for otherwise only one of the joint projects would be financed.

The market stage: Given the costs ci(g, x), firms operate in the market by choosing quantities or

prices. Assume that there exists a unique equilibrium in pure strategies in the market stage. This

allows us to write, for any collaboration pattern g and investment profile x (and a specified mode

of market competition), the payoff function of an individual firm. Let πi(g, x), for i = 1, 2, ..., n,

denote firm i’s payoff.

3 Complementarity of research projects

The aim of this section is to show that there exists a natural complementarity in investments

across different projects of the same firm. The interest of this result derives from the fact that the
13In an earlier version of our paper, we developed an extension of the model in which technological spillovers across

projects were present as well; the presence of such spllovers does not alter our basic results, see Goyal, Moraga-
González and Konovalov (2006).
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complementarity arises purely due to market related forces and in the absence of any technological

spillover across projects.

Given a collaboration and investment pair, (g, x), let ci(g, x) be the marginal cost of firm i, i =

1, 2, ..., n. Suppose firms choose quantities or prices in the market stage. Denote the market stage

strategy of firm i by (si(c(g, x)))i∈N . The reduced form profits for firm i are then given by πi(g, x).

The effects of investments in in-house project on the incentives to invest in a joint project are

reflected in the following equation:

d2πi(g, x)
dxiidxij

=
df(x)
dxii

∂h(x)
∂xij

[d2πi(s(c(g, x)))
d2ci

+
d2πi(s(c(g, x)))

dcidcj

]
(2)

Under our assumptions, the first two terms are positive, and so we are led to the observation that

the investments in in-house projects and in joint projects are complementary if and only if the

expression within the square bracket is positive. A similar condition can be formulated for the

complementarity of distinct joint research projects. These observations are summarized in our first

result.

Proposition 3.1 A firm i’s investments in in-house research xii and in joint research xij, j 6= i

are complementary if and only if

d2πi(s(c))
d2ci

+
d2πi(s(c))

dcidcj
> 0. (3)

A firm i’s investments in joint research projects with different partners j and k, j 6= k 6= i are

complementary if and only if

d2πi(s(c))
d2ci

+
d2πi(s(c))

dcidcj
+

d2πi(s(c))
dcidck

+
d2πi(s(c))

dcjdck
> 0. (4)

This result provides a foundation for the well known argument in the business strategy literature

that investments in bilateral relations reinforce the incentives for investing in core competences

(see e.g., Doz and Hamel (1998), Prahalad and Hamel (1990)). Athey and Schmutzler (1995) find

a related complementarity result between the process and the product innovation strategies of a

firm.
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On the one hand, if a firm i increases investment in a joint project it lowers its own costs, which

has a direct effect on the marginal returns from investments in the in-house project. On the

other hand, if a firm invests more in a joint project, the costs of the partner firm go down, and

this has an indirect effect on the marginal returns from lowering its own costs. The two terms

in (3) capture these two effects, respectively. Condition (3) characterizes the circumstances in

which investments in own in-house project and joint projects with other firms will be complements.

Condition (4) refers to complementarity of investments in distinct joint research projects and has

a similar interpretation. We now explore the economic circumstances in which these conditions

are satisfied. Perhaps the simplest way to understand the economic forces involved is to locate the

above research collaboration problem in the context of standard price and quantity setting models

and ask if the profit functions in these models satisfy the conditions.

As a first step then it is useful to start with the case where firms are located in independent

markets, and therefore act as monopolists in the market stage. To fix ideas, suppose that firms

choose quantities and that the inverse demand is given by P (Qi), where Qi is the quantity produced

by firm i. Assume P ′(Qi) < 0 and that P ′′(Qi) is well defined. It then follows that a firm i’s profits

are given by

πi(g, x) = [P (Qi)− ci(g, x)]Qi − xii −
∑

j∈Ni(g)

xij . (5)

First observe that the independent markets assumption implies that the costs of other firms j 6= i

have no bearing on profits of firm i. Next observe that dπi(.)/dci = −Qi and that d2πi(.)/d2ci =

−dQi/dci. Straightforward computations – which exploit the second order conditions of profit

maximization – now tell us that the sign of this last derivative is positive. We have thus shown

that a firm operating in an independent market satisfies conditions (3) and (4). The intuition

underlying this result is really quite simple. Let us compare the marginal returns from investment

in an in-house project for a firm given two levels of investment xij and x′ij , where x′ij > xij . For

fixed xii, the costs of the firm are lower at x′ij than at xij , and so its optimal quantity is higher in

the first case. Therefore, when the firm considers raising its investments in the in-house project,

the effects of the lower cost will act on a larger output base with x′ij than with xij , which translates

into a higher marginal return from the in-house project. The same arguments apply to investments

in different joint projects.
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We now examine how the complementarity result is affected by market competition. The key point

to note about competition is that now there are additional terms which reflect the effects of other

firms’ costs on firm i’s profits. Consider in particular the complementarity of in-house and joint

project research. As the investment in joint project xij increases it lowers costs of the partner

firm as well, which alters the competitive position of the firms. The marginal returns to in-house

project must take this indirect strategic effect into account. Indeed, as the costs of the firm j fall,

its quantity increases and the quantity of firm i falls, so we should expect this indirect effect to

be negative. The prospects of the complementarity result thus hinge on the relative magnitude of

the two terms in condition (3). We now show that this condition is indeed satisfied in the classical

models of price and quantity competition. The same applies to the condition for complementarity

of distinct joint research projects.

We start with an examination of the classical quantity competition model with linear demand. The

inverse demand function is given by p = A −∑
i∈N qi(g, x). From standard arguments, it follows

that the equilibrium quantity of firm i is

qi(g, x) =
A− nci(g, x) +

∑
j 6=i cj(g, x)

n + 1
, (6)

and the profits of firm i are given by

πi(g, x) = (qi(g, x))2 −
∑

j∈Ni(g)

xij − xii. (7)

Simple computations reveal that d2πi(.)/d2ci = 2n2/(n+1)2 and that d2πi(.)/dcidcj = −2n/(n+1)2;

summing the two expressions, we find that condition (3) is indeed satisfied so in-house and joint

work are complementary. Using the fact that d2πi(.)/dcjdck = 2/(n + 1)2, it is readily seen that

condition (4) also holds.

We next examine whether the complementarity results depend on the homogeneity of the goods

and the assumption of quantity competition. To this end we study a model of price competition

with differentiated goods. Suppose n ≥ 2 firms operate in a market for differentiated products. Let

the (inverse) demand of firm i be given by:

11



pi(q) = A− qi − δ
∑

j 6=i

qj ; 0 < δ < 1; i = 1, 2, ..., n. (8)

where q = (q1, q2, ..., qn) denotes the vector of quantities firms put in the market. Parameter δ

measures the degree of product differentiation. When δ → 0 products are independent and when

δ → 1 products become homogeneous.

Given the vector of investments x and the marginal costs ci(g, x), i = 1, 2, ..., n, firms operate in

the market by setting prices. The direct demands are given by:

qi(p) = a− bpi + d
∑

j 6=i

pj ; i = 1, 2, ..., n. (9)

where

a =
A

1 + δ(n− 1)
; b =

1 + δ(n− 2)
(1− δ) (1 + δ(n− 1))

; d =
δ

(1− δ) (1 + δ(n− 1))
(10)

and p = (p1, p2, ..., pn) denotes firm prices. A firm i chooses its price pi to maximize its profits

πi(p; g, x) = (pi − ci(g, x))qi(p). The system of first order conditions can be solved for a Nash

equilibrium in prices:

pi(g, x) =
A(1− δ)

(2 + δ(n− 3))
+

(1 + δ(n− 2))δ
(2 + δ(2n− 3))(2 + δ(n− 3))

∑

j 6=i

cj(g, x)

+
(1 + δ(n− 2))(2 + δ(n− 2))
(2 + δ(2n− 3))(2 + δ(n− 3))

ci(g, x) (11)

Note that the price of a firm is increasing in own-cost and in the cost of the other firms. Substituting

these prices in the profits expression yields the following reduced-form equilibrium profits:

πi(g, x) =
1 + δ(n− 2)

(1− δ)(1 + δ(n− 1))
(pi(g, x)− ci(g, x))2 − xii −

∑

j∈Ni(g)

xij . (12)

Now simple computations reveal that d2πi(.)/d2ci = 2b(∂pi/∂ci − 1)2 and that d2πi(.)/dcidcj =

2b(∂pi/∂ci−1)(∂pi/∂cj). Putting these two terms together, we obtain d2πi(.)/d2ci+d2πi(.)/dcidcj =

2b(∂pi/∂ci−1)(∂pi/∂ci+∂pi/∂cj−1). Using (11) it is easy to verify that this expression is positive so

condition (3) is satisfied. To check condition (3) we also need d2πi(.)/dcjdck = 2b(∂pi/∂cj)(∂pi/∂ck),
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and the same conclusion obtains. Therefore, the complementarity of investments across projects

result also holds with price competition and differentiated goods. 14

The above discussion shows that condition (3) holds in textbook models of price and quantity

competition if demand is linear. We now ask if there are circumstances in which condition (3) is

violated? To study this issue we consider a market with non-linear demand and quantity compe-

tition. In contrast to the linear demand case discussed above, when demand is non-linear a firm’s

price-cost margin is no longer equal to its quantity. As a result, the marginal gains to investment

in a project depend not only on the responsiveness of its equilibrium quantity to cost decreases but

also on how price-cost margin changes with cost. For the family of demand functions p = A−Qα,

α ≥ 1, we have found that the complementarity result holds whenever α is low; for large α, in-house

and joint research may fail to be complementary: in a setting where the demand curve is ‘very’

concave, increases in quantity can lower price sharply. If firms have very different costs then their

incentives to increase quantity are quite different since the impact of lower prices is much larger for

the lower cost (and higher quantity) firm. This divergence in incentives results in overproduction

and the fall in prices leads to a violation of the complementarity property. Our calculations for this

family of demand functions are placed in the Appendix.

4 Equilibrium Investments and Profits

In this section our interest is in understanding whether firms have an incentive in activating po-

tential joint projects and the implications of having different numbers of potential projects. This

requires us to analyze equilibrium behavior of firms. We carry out this equilibrium analysis for

two classical oligopoly models, quantity competition with homogenous goods and price competition

with differentiated goods. We obtain similar results for the two models. We show that firms will

activate all potential projects. We then show that for each firm investments in in-house research

as well as in each of the joint projects are increasing in the level of collaborative activity, i.e.,

in number of potential projects. However, firm profits do not necessarily increase as the level of

collaborative activity rises.

We shall focus on the case where all firms have the same number of potential partners k =

0, 1, 2, ..., n − 1. The case of unequal number of research opportunities is taken up in Section 5
14We also note that the conditions in Proposition 3.1 are satisfied if products are differentiated and firms compete

in quantities; the derivations are available from the authors upon request.
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below. Recall, that the number k is referred to as the degree of collaborative activity in the indus-

try. In the context where every firm has the same number of partners, it is reasonable to focus on

symmetric equilibrium in investments. An equilibrium x is called symmetric if xij = x`m whenever

i 6= j and ` 6= m, and xii = xjj for every pair of firms i, j ∈ N.

Given the network g and other firms’ R&D investments, firm i solves the following problem:

max πi(g, x)
s.t. xii ≥ 0,

xij ≥ 0, j ∈ Ni(g).
(13)

4.1 Quantity competition

Under Cournot competition, the first-order conditions for the interior solution of the problem in

(13) are

∂πi(g, x)
∂xii

=
2qi(g, x)n
(n + 1)

∂f(xii)
∂xii

− 1 = 0, (14)

and
∂πi(g, x)

∂xij
=

2qi(g, x)(n− 1)
(n + 1)

∂h(xij , xji)
∂xij

− 1 = 0, j ∈ Ni(g). (15)

These first order conditions say that a firm should continue to invest in a research project up to the

point where the value of the marginal cost reduction obtained from the project equals the marginal

cost of R&D investment.

A symmetric equilibrium must satisfy the first order conditions (14) and (15). These can be

simplified now and written as follows:

2n

(n + 1)2
(A− c̄ + f(xii) + khd(xij))f ′(xii)− 1 = 0, (16)

(n− 1)
(n + 1)2

(A− c̄ + f(xii) + khd(xij))h′d(xij)− 1 = 0, (17)

Our next result proves existence and uniqueness of symmetric equilibrium in investment levels. This

result requires the costs of research to be sufficiently large relative to its returns. For convenience,

we parameterize functions f and h as follows: f(xii) = 1
γ f̃(xii), h(xij , xji) = 1

γ h̃(xij , xji). Parameter

γ ∈ (0,+∞) is a shift-scalar that reduces the returns from R&D.
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Proposition 4.1 Let gk be a symmetric network of degree k. Let f(x) = 1
γ f̃(xii), h(xij , xji) =

1
γ h̃(xij , xji). Then if

min{f ′(0),
∂h(0, 0)

∂xij
} >

(n + 1)2

2(n− 1)(A− c̄)

there exists γ0 such that for all γ ≥ γ0 there exists a unique symmetric equilibrium in investment

levels x∗ ∈ IR
(k+1)n
++ .

The proof of this result is given in the appendix.

We now examine the sensitiveness of equilibrium to the degree of collaborative activity k. Equation

(16) implicitly defines a function x∗ii(xij). Due to complementarity of in-house and joint research,

this function is increasing. Moreover, the assumptions above on the function f imply that the

intercept of x∗ii(xij) is positive and independent of k. Similarly equation (17) implicitly defines a

relationship x∗ij(xii); this equation is also increasing and has a positive intercept, which increases in

k. The symmetric equilibrium in Proposition 4.1 is given by the intersection of these two functions.

Using (16) and (17) it is possible to check that an increase in k increases the slopes of x∗ii(xij) and

x∗ij(xii). As a result, research expenditures in own project as well as in joint projects increase in

the degree of collaborative activity k. This is illustrated in Figure 1, where the intersection of the

solid lines E∗(k) determines the investment levels for the degree of collaborative activity k and the

crossing point of the dashed lines E∗(k + 1) shows R&D levels for a larger degree of collaboration

k + 1.

Figure 1: Cournot R&D investments and the degree of collaborative activity.
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Proposition 4.2 An increase in the degree of collaborative activity k leads to an increase in firm

investment in in-house research as well as in each of its joint projects. As a result, cost reduction,

aggregate quantity and consumer surplus increase in the degree of collaboration k.

Proof: The equilibrium investment levels x∗ii and x∗ij are the solutions of the system (16) − (17).

The left-hand-side of (16) is increasing in xij and k. The left-hand-side of (17) is increasing in xii

and k. By virtue of Theorem 4 in Milgrom and Roberts (1994), the (unique) solution of this system

of equations is non-decreasing in k.

We note further that, for all k, the equilibrium investment levels x∗ii and x∗ij satisfy the equation

2nf ′(x∗ii) = (n− 1)h′d(x
∗
ij). (18)

From this it follows that investment levels must increase in k. To see this suppose, on the contrary,

that x∗ii(k +1) = x∗ii(k). Then by equation (18), it follows that x∗ij(k +1) = x∗ij(k) (and vice versa),

which contradicts the fact that the left-hand side of the first order conditions is strictly increasing

in k. ¥

This finding that more research partners leads to higher investment in R&D per project contrasts

with the results of earlier work studying the effects of bilateral collaboration in oligopoly. In Goyal

and Moraga-González (2001) firms invest in a single research project and its outcome is in turn

shared with the collaborators. They find that individual firm R&D investment falls as the degree

of collaborative activity increases. The main force operating there is the positive externality that

a firm investment confers upon the collaborators, which reduces the incentives to do research as

the degree of collaboration rises. Why does our model yield opposite predictions? There are two

reasons. First, in our model individual efforts in joint projects are project-specific and therefore

only shared with individual partners. This implies that the spillover externalities associated to

collaboration are independent of the degree of collaboration. Second, in our model an increase in

the degree of collaboration is materialized in a new avenue of research, which, by complementarity,

increases firms incentives to invest.

Another paper where more collaboration leads to lower investment is Kamien et al. (1992). In

their paper, they compare the case of no partners, called R&D competition, with the case in which

all firms work together, called RJV competition.15 They find that firms invest less when they
15Under R&D competition firms carry out only private research and spillovers are absent, while under RJV com-
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collaborate than when they work independently. This is analogous to comparing k = 0 in our case

with k = n − 1. Again, the difference in results arises due to the fact that in Kamien et al. the

spillover effects associated to collaborative work are much larger than in the present paper.

We now turn to the effects of increased partnering on firm profits. The following result summarizes

our findings.

Proposition 4.3 If n is large enough, then individual firm profits decrease in the level of collabo-

rative activity k.

Proof: For a symmetric network gk, let x∗(k) be a symmetric equilibrium in investment levels.

We investigate the total derivative of the profit function with respect to k :

dπi(x∗(k))
dk

=
∂πi

∂k
+

∂πi

∂x∗ii

∂x∗ii
∂k

+
∂πi

∂x∗ij

∂x∗ij
∂k

.

This expression can be rewritten as follows:

dπi(x∗(k))
dk

=
∂x∗ii
∂k

(
2qi

n + 1
f ′(x∗ii)− 1

)
+ k

∂x∗ij
∂k

(
2qi

n + 1
h′d(x

∗
ij)− 1

)
+

(
2qi

n + 1
hd(x∗ij)− x∗ij

)
.

Using the first order conditions, we obtain

dπi(x∗(k))
dk

=
∂x∗ii
∂k

(
1
n
− 1

)
+ k

∂x∗ij
∂k

(
2

n− 1
− 1

)
+

(
2qi

n + 1
hd(x∗ij)− x∗ij

)
.

The first two terms of the RHS of this equation are negative. The last term is negative if and only

if
2qihd(x∗ij)
(n+1)x∗ij

− 1 is negative. A majorant of this function 2qi

(n+1)h
′
d(0)− 1 becomes negative if n grows

sufficiently large. However, if n becomes too large, the boundary condition h′d(0) > (n+1)2

2(n−1)(A−c̄)

may be violated, in which case firms do not allocate resources to joint research projects. Since

limn→+∞
(

n+1
2qi

− (n+1)2

2(n−1)(A−c̄)

)
= +∞, there exists a sufficiently large number of firms n for which

profits are strictly decreasing in k, provided h′d(0) is large enough. ¥

This result should be seen together with Proposition 3.1. Our analysis provides support to the

view expressed in the business strategy literature that, at an individual level, firms benefit from

undertaking collaborative projects (see e.g., Powell, Koput and Smith-Doerr, 1996). However, the

aggregate effects of collective firm partnering turn out to be negative for the firms since individual

petition firms collaborate with all other firms and so spillovers are perfect. In both cases, firms make R&D decisions
non-cooperatively.
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profits fall in the number of partners that every firm has; to the best of our knowledge this point

has not been made in this literature before.

We now elaborate on the arguments underlying Proposition 4.2. The effects of an increase in the

degree of collaboration are gathered in the following equation:

dπi(x∗(k))
dk

=
∂πi

∂x∗ii

∂x∗ii
∂k

+
∑

j∈Ni(g)

∂πi

∂x∗ij

∂x∗ij
∂k

+
∑

6̀=i

∂πi

∂x∗``

∂x∗``
∂k

+
∑

` 6=i

∑

m∈N`(g)

∂πi

∂x∗`m

∂x∗`m
∂k

+
∂πi

∂k
(19)

We note that as more research opportunities become available to the firms (k rises) all R&D

investments by firms increase. Since a firm chooses its R&D efforts to maximize its own profits,

the profit effect of an increase in its own research variables is zero (by the envelope theorem). As a

result, the first and second terms in the RHS of (19) can be ignored. The influence of an increase

in the in-house R&D of other firms is clearly negative because these investments reduce the costs

of production of these firms and not the unit cost of firm i. The effect of changes in the joint

investments of other firms is also negative because only k of those variables reduce the cost of

production of firm i while (n− 2)k other variables reduce each the costs of the competitors. As a

result, the effect of an increase in collaborative activity via R&D investments is negative. The last

term in the RHS of (19) represents the effect of opening a new avenue of research for every firm.

This term is also negative for large n.Alex, Jose, The referee wants more discussion of this

result; can you make an effort?

The above result obtains for large n; what is the relation between collaborative activity and firm

profits in market with a few firms? We have been unable to provide a general answer to this

question. Analysis of an example with specific functional forms for the return functions f and h,

however, suggests that if the number of firms is small then there is a positive relationship between

the level of collaborative activity and firm profits.16

4.2 Price competition

When n ≥ 2 firms operate in a market for differentiated products, the first order conditions of the

problem stated in (13) are:
16In the example, we assume that f(xii) = 1

γ

√
xii and h(xij , xji) = 1

γ
(
√

xij +
√

xji). In this setting, we find that
firm profits are increasing in k for n < 5, while they are declining in k for n ≥ 5.
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2b
(1− δ)(A− c + f(x∗ii) + khd(x∗ij))

2 + δ(n− 3)
Ψ1

df(x∗ii)
dxii

− 1 = 0 (20)

2b
(1− δ)(A− c + f(x∗ii) + khd(x∗ij))

2 + δ(n− 3)
Ψ2

∂h(x∗ij , x
∗
ji)

∂xij
− 1 = 0 (21)

We first show that there exists an interior equilibrium in investments, for any level of collaborative

activity k. Again, we parameterize functions f and h by γ.

Proposition 4.4 Let gk be a symmetric network of degree k. Then if

f ′(0) >
(2 + δ(n− 3))(1 + δ(n− 1))
2(1 + δ(n− 2))(A− c̄)Ψ1

(22)

and
∂h(0, 0)

∂xij
=

∂h(0, 0)
∂xji

>
(2 + δ(n− 3))(1 + δ(n− 1))
2(1 + δ(n− 2))(A− c̄)Ψ2

, (23)

there exists γ0 such that for all γ ≥ γ0 there exists a unique symmetric equilibrium in investment

levels x∗ ∈ IR
(k+1)n
++ .

The proof of this existence result is given in the appendix.

We now examine the effects of k on the equilibrium investments and profits. We will establish the

following result.

Proposition 4.5 An increase in the degree of collaborative activity k leads to an increase in firm

investment in in-house research as well as in each of its joint projects. If n is large enough, then

individual firm profits decrease in the level of collaborative activity k.

Proof: Note that the LHS of (20) is strictly increasing in x∗ij and in k; likewise, the LHS of (21)

is strictly increasing in x∗ii and in k. These two facts can be used as in the proof of Proposition 4.2

to show that equilibrium investments are increasing in k.

Finally, consider equilibrium profits with respect to the degree of collaborative activity. Taking the

total derivative of the profit function with respect to k:

dπi(x∗(k))
dk

=
∂πi

∂x∗ii

∂x∗ii
∂k

+
∂πi

∂x∗ij

∂x∗ij
∂k

+
∂πi

∂k
. (24)
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This expression can be rewritten as follows:

dπi(x∗(k))
dk

=
(

2b(pi − ci)
1− δ

2 + δ(n− 3)
df(x∗ii)
dxii

− 1
)

∂x∗ii
∂k

+k

(
2b(pi − ci)

1− δ

2 + δ(n− 3)
∂h(x∗ij , x

∗
ji)

∂xij
− 1

)
∂x∗ij
∂k

+2b(pi − ci)
1− δ

2 + δ(n− 3)
hd(x∗ij)− x∗ij (25)

Using the first order conditions, we obtain

dπi(x∗(k))
dk

=
∂x∗ii
∂k

( −δ(n− 1) (1 + δ(n− 2))
2 + 3δ(n− 2) + δ2(5 + n(n− 5))

)

+
∂x∗ij
∂k

( −δ(n− 2)(1 + δ(n− 2))
2 + δ(3n− 7) + δ2(7 + n(n− 6))

)

+
(

2b(pi − ci)
1− δ

2 + δ(n− 3)
hd(x∗ij)− x∗ij

)
. (26)

The first two terms of the right-hand side of this equation are clearly negative. The last term is

also negative if and only if
2b(pi−ci)(1−δ)hd(x∗ij)

(2+δ(n−3))x∗ij
−1 is negative. Since h is concave, a majorant of this

function is 2b(pi−ci)(1−δ)
2+δ(n−3) h′d(0)−1; using b and the expression for (pi−ci) in a symmetric equilibrium

this function can be written as 2(A−ci)(1−δ)(1+δ(n−2))

(2+δ(n−3))2(1+δ(n−1))
h′d(0) − 1, which becomes negative if n grows

sufficiently large. The negativity of this expression is compatible with the boundary conditions

that guarantee the existence of an interior equilibrium. Therefore, there exists a sufficiently large

number of firms n for which profits are strictly decreasing in k. The critical minimal value of n,

for which the last term is negative, is decreasing as δ grows.17 ¥

5 Discussion

The analysis in the previous section assumed that every firm has the same number of collabora-

tion projects and that this number is exogenously given. This section first explores the effects of

asymmetries in number of collaboration projects and then examines the incentives of firms to start

new collaboration projects. In sections 3 and 4 we focused on firm investments and profits; to

complete the analysis in the last part of this section, we briefly discuss the implications of hybrid
17Note that this analysis excludes the case of local monopolies (δ = 0).
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R&D for social welfare. For expositional simplicity, we present our analysis within the quantity

setting oligopoly framework.

5.1 Core and periphery firms

It is frequently argued that firms forming research alliances enhance their market dominance. This

suggests that inequality in the set of joint research opportunities available to various firms may be

the very source of market power in an industry. Partner firms involved in a collaborative agreement

may allocate unequal amounts of resources to their joint project; some firms may ‘exploit’ their

partners by having them make greater investments in joint projects.

An examination of these arguments requires an analysis of networks in which the number of research

opportunities of a firm differs across firms, i.e., asymmetric collaborative structures. It is also worth

noting that recent empirical work shows that inter-firm collaboration networks in biotechnology

exhibit considerable inequality with some key firms having a very large number of joint projects

while most firms have a few partners only.18

We have been unable to solve for equilibrium in investments for general patterns of collaboration.

The technical problem here is that when the number of firms in an asymmetric network is large,

equilibrium firm investments are given by the solution of a system of first order conditions which

are non-linear equations. To get an idea of the economic issues involved we proceed as follows:

first, we provide a complete analysis of a four firm example and second, we study equilibrium for

specific networks for general n.

Four firm example: In this example the cost reduction function from in-house research is given

by f(xii) = 1/γ
√

xii while the cost-reduction obtained from a joint project between firms i and j

is h(xij , xji) = 1/γ(√xij +√
xji).

In total there are 11 different collaborative structures. The computations for investments and

profits are presented in the appendix. The analysis yields the following findings:

1. A firm with a larger number of joint projects invests more in independent and in every joint

project and earns a higher profit as compared to a firm with less joint projects.

2. Opening a new joint project increases the profits of the two participating firms while it
18For a discussion of empirical work on inter-firm network structures, see e.g., Baker, Gibbons and Murphy (2004).
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decreases the profits of the rest of the firms.

The first finding implies that partners in a joint research project will put unequal efforts into their

common project if they have a different number of joint projects, with the more linked partner

putting in a higher level of effort. Moreover, this greater investment is worthwhile since it yields

a higher profit for the more connected firm. Our second observation substantiates nicely the

claim that strategic partnering enhances market dominance. It also suggests that in this four firm

example, the complete network is the unique incentive-compatible network. How general are these

findings? The issue of equilibrium collaboration structures is studied in the next section; the nature

of investments in asymmetric investments for general n is briefly discussed here.

We find that in a star network for general n,19 the central firm puts in greater investment in in-

house projects as well as in each of the joint projects as compared to the peripheral firms. The

central firm also makes a higher profit as compared to the peripheral firms. Similarly, in a network

with two inter-linked stars,20 we find that the central firms put in higher investment in in-house

projects and in each of the joint projects as compared to the peripheral firms. This also has the

interesting implication that the total investment in the joint project between the two central firms

is larger than the total investment in a joint project between a peripheral firm and a central firm.

The central firms also make a higher profit than the peripheral firms.21

5.2 Equilibrium collaboration structures

Given any distribution of joint research opportunities g, consider the set of joint projects that are

activated in equilibrium:

g∗ = {ij ∈ g | x∗ij + x∗ji > 0}. (27)

Suppose that each firm is given the opportunity to initiate at most k joint projects with other firms

(that is, g = gk). In this case, Proposition 4.1 tells us that equilibrium investments are positive,
19A star network is one in which a single firm has a joint project with each of the other firms who in turn have no

other joint projects.
20Suppose that n is even. A inter-linked star network is one where there are two central firms, (say) (n − 1)

and n; (n − 1) has joint projects with (say) each of 1, ..., (n − 2)/2, while firm n has joint projects with each of
1 + (n − 2)/2, ..., (n − 2) firms and (n − 1) and n have a joint project. There are no other joint projects. The
inter-linked star is a stylized version of the collaboration network observed in the biotechnology industry, where a
few inter-linked firms have a large number of joint projects, while most firms have few partners.

21The computations are available from the authors upon request.
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and this means that every firm has an incentive to activate all research opportunities provided the

rest of the firms do so, that is, g∗ = gk.

This result that firms will work on all projects available to them can be made stronger. Assume

that h′d(0) is significantly high. This along with some additional technical requirements on the

functions f(·) and h(·), guarantees that ∂πi(g,x)
∂xij

|xij=0, xji=0 > 0 for any i, j, g, and x. In this case,

for any given set of joint research opportunities the only equilibrium is one in which all possible

projects are funded.

If these conditions do not hold firms may not open all projects in equilibrium. Consider the following

example. Let the outcome of a joint project ij be h(xij , xji) = 1− e−α(xij+xji) and set the returns

to the in-house project f(xii) ≡ 0 for simplicity. Set α = 0.501, n = 5, and A− c̄ = 9 and suppose

that every joint research project is available: g = gn−1. It can be seen that there is an asymmetric

equilibrium where a firm i invests xij ≈ 1.16 in each of its projects and the rest of the firms invest

nothing at all; this equilibrium corresponds to a star network where firm i is the hub firm. The

reason for this is that firms which are marginalized in the market may have no incentives to conduct

R&D.

5.3 Social welfare

Our analysis in section4 so far has clarified that in markets with a large number of firms individual

research efforts – both in independent research and in each of the joint projects – are increasing in

the number of partners, while individual profits are decreasing in the number of partners. Increasing

research efforts imply lower costs and therefore higher quantities and consumers surplus. However,

this increase in consumers surplus takes place along with a fall in firm profits. So the effects of

increasing collaboration on social welfare are unclear.

To shed some light on this issue, we assume the following quadratic specification of the return to

R&D functions: f(xii) = 1/γ
√

xii and h(xij , xji) = 1/γ(√xij + √
xji). These functions satisfy

all the conditions mentioned above except for differentiability at zero. We note, however, that

all results presented above are also true for this family of functions. To guarantee existence of

equilibrium in investment levels, we simply require that γ is sufficiently large (γ > 2
√

n suffices).
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Equilibrium investment levels are given by the solution to (14)-(15). In this case we obtain:

x∗ii =
(

(A− c̄)nγ

γ2(n + 1)2 − n− 2k(n− 1)

)2

, (28)

x∗ij =
(

(A− c̄)(n− 1)γ
γ2(n + 1)2 − n− 2k(n− 1)

)2

, (29)

We will compare social welfare under different levels of collaborative activity. For his comparison

we shall employ the usual measure of social welfare:

W (g, x) =
∑

i∈N

πi(g, x) +
1
2
Q(g, x)2, (30)

where Q(g, x) =
∑

i∈N qi(g, x).

Plugging these R&D efforts in (30), we can calculate the level of welfare:

W (x∗, gk) =
(A− c)2γ2[nγ2(n + 2)(n + 1)2 − 2kn(n− 1)2 − 2n3]

2 (γ2(n + 1)2 − n− 2k(n− 1))2
(31)

We can first use this expression to examine the welfare implications of an increase in the degree of

collaborative activity k. For this we compute:

∂W (gk)
∂k

=
(A− c)2n(n− 1)γ2(γ2(n + 1)2(n + 5)− 2k(n− 1)2 − n(3n + 1))

(γ2(n + 1)2 − n− 2k(n− 1))3
(32)

It can now be verified that social welfare is increasing in the level of collaborative activity (for all

parameters γ for which equilibrium exists). This implies that larger degrees of collaboration are

more attractive than partnerships or just in-house research from the social point of view. This

result shows that an increase in collaboration leads to gains for the consumers (via larger R&D

investments, lower cost of production, and larger aggregate quantity) that offset the fall in firms

profits that occurs when n is large (see Proposition 4.3).

6 Concluding remarks

When firms produce complex products involving a range of technologies and skills that are difficult

to master individually, hybrid R&D arises naturally. A firm prefers to undertake research in its
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core activity independently while non-core activities are more effectively researched with partners.

This leads us to model the idea that research activity in firms takes the form of different projects,

some of which are carried out in-house, while others are carried out jointly with other firms. Our

interest in in understanding the incentives of firms to invest in different types of projects and the

implications of these investments for the collective profits of the firms.

We first explore the relationship between investments in in-house research and in collaborative

R&D. Our first result derives a necessary and sufficient condition, on the profit function of a firm,

for all the projects in the research portfolio of an individual firm to be complementary. We show that

a number of standard models including a price and quantity competition with differentiated goods

as well as firms in independent markets satisfy this condition. The interest behind this result is

that complementarity across projects of a firm can arise purely due to market advantages generated

by a being a lower cost firm even in the absence of any technological spillovers across projects.

We then turn to an examination of equilibrium investments and profits under different forms of

market competition. Here we uncover a second general aspect of the complementarity across

projects: a firm’s investment in in-house project as well as in each of the joint projects increases

as the number of joint projects every firm is engaged in rises. This result has the following natural

interpretation in the context of the research on core competence: it says that as a firm diversifies

its portfolio of research projects, the incentive to invest in core in-house research increases. Thus

research diversification reinforces incentives to invest and build core competence of a firm.

Finally, we examine the effects of increasing levels of collaborative activity on firm profits. Our

final result is that that inter-firm collaborations have serious and potentially negative aggregate

effects: an increase in overall level of partnering in an industry lowers the profit for each firm (if

the number of firms is large). In spite of this negative effect, we find that firms have an incentive

to undertake joint projects with every other firm.

In carrying out our analysis we made two assumptions which appear to be worth discussing. We

assumed that firms know the skills and core competence of other firms; in actual practice, we believe

that asymmetric information about skills and competence of individual firms is an important factor.

We also assumed that all ties are bilateral and only one project is possible between any pair of

firms. In future work, we hope to explore the implications of relaxing these assumptions.
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7 Appendix

7.1 Single research trajectory

Consider a collaboration structure g and an investment profile x. Let c(g, x) be the vector of firms’

marginal costs. Denote the market stage strategy of firm i by (si(c(g, x)))i∈N . The reduced form

profits for firm i are then given by πi(g, x). In the case of a single research trajectory, the first

order conditions with respect to R&D variables are

∂πi(g, x)
∂xii

= −∂πi(s(g, x))
∂ci

∂F (x)
∂xii

− 1 = 0, (33)

and
∂πi(g, x)

∂xij
= −

(
∂πi(s(g, x))

∂ci
+

∂πi(s(g, x))
∂cj

)
∂F (x)
∂xij

− 1 = 0, j ∈ Ni(g). (34)

Since there is a single research trajectory, it follows that ∂F (x)/∂xii = ∂F (x)/∂xij . Therefore, since

∂πi(s(g, x))/∂cj > 0, from the first order conditions it follows that marginal returns to in-house

research are always greater than the marginal returns to collaborative research. As a result, firms

invest only in own research. The idea here is also related to the fact that collaborative research

brings about detrimental business-stealing effects. When all research activities are substitutes

because they all go along the same research trajectory, a firm always gains by shifting money from

any joint research project to own research, since in this way it eliminates business-stealing effects.

7.2 Complementarity of research projects and concave demand

Consider the quantity competition model with homogeneous products and assume now that demand

is given by the family of functions p = a−Qα, with Q =
∑

qi, and α > 0. The profit of a firm i is

πi = (a− (
∑

qi)α−ci)qi. The solution of the quantity setting game gives qi = (a−Qα−ci)/αQα−1,

and the expression for equilibrium reduced-form profits is πi = (a−Qα−ci)2/αQα−1, i = 1, 2, ..., n.

We now note that
dπi

dci
= qi

(a− ci)(α− 1) + Qα(α + 1− 2α(n + α))
α(n + α)Qα

.

Using this expression, some calculations reveal that in-house and joint project research are com-

plementary whenever

(α−1)(2α−1)(a−ci)2−(α−1)(a−ci)(3α(n+α)−2)Qα+(1+α(α((n+α)2−3)−3n+1))Q2α > 0. (35)
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The expression in the left-hand side of (35) is quadratic in Qα. Its sign is equal to the sign of

(α− 1)(2α− 1) whenever its discriminant is negative. The latter condition is satisfied if α > 1 and

−8 + 12n− 5n2 + 12α− 10nα + n2α− 5α2 + 2nα2 + α3 < 0. (36)

The left-hand side of (36) is negative as long as α is between zero and some positive number ᾱ(n),

which constitutes its unique positive real root. Therefore, a sufficient condition for complementarity

is that α belongs to the interval between 1 and ᾱ(n), the approximate values of ᾱ(n) are given in

the following table:

n ᾱ(n)
2 2.87
3 3.29
4 3.55
5 3.73
· · · · · ·
10 4.19
· · · · · ·

For large values of n ᾱ(n) converges to 5. Once α is between 1 and 2.87, the complementarity holds

for any number of firms.

It is illustrative to set n = 2 in (35). Suppose the costs of the two competitors are similar, i.e.,

ci = cj = c. Then the expression in (35) simplifies to (a − c)2α2(5 + 3α)/(2 + α)2, which implies

that the complementarity result holds no matter the degree of concavity of the demand function

provided firms have symmetric costs.

Now assume that, say, firm i is more efficient than the competitor, i.e., ci < cj ; assuming that α is

relatively large, the sign of the expression in (35) is equal to the sign of (a− cj)(ci − cj)α4, which

is negative and therefore the complementarity result is violated (for the efficient firm).

7.3 Proofs of propositions

Proof of Proposition 4.1: We first show that the assumptions imposed on functions f(·) and

h(·, ·) guarantee the existence of a symmetric solution to the system of the first order conditions (16)-

(17). Consider a function R(y) = (h′d)
−1( 2n

n−1f ′(y)), and put R(y) equal to 0 if (h′d)
−1( 2n

n−1f ′(y)) is

not determined. By the concavity of the functions f and h (and, therefore, hd(y)), the function R(y)
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is continuous, non-negative and monotonically non-decreasing for all y ≥ 0. Moreover, if (xii, xij) is

an interior solution of (16)-(17), then xij = R(xii). A function 2n
(n+1)2

(A−c̄+f(y)+kf(R(y)))f ′(y)−1

is continuous and strictly positive at zero by the boundary conditions. It is strictly negative if y is

sufficiently large. Therefore, there is a point y = x∗ii > 0 such that

2n

(n + 1)2
(A− c̄ + f(x∗ii) + kf(R(x∗ii)))f

′(x∗ii)− 1 = 0.

Let x∗ij = R(x∗ii). By construction, (x∗ii, x
∗
ij) is a solution of the system (16)-(17). Since h′d(0) >

(n+1)2

(n−1)(A−c̄) , x∗ij is strictly positive. Show now that every function πi(xi, x
∗
−i), i ∈ N is strictly

concave if γ sufficiently large. Without loss of generality, assume that xi belongs to a compact

convex set Ki ⊂ IRk+1
+ . It is sufficient to verify that D2

xi
πi(xi, x

∗
−i) is negative definite for every

xi ∈ Ki. The matrix D2
xi

πi(xi, x
∗
−i) can be represented as a linear combination

D2
xi

πi(xi, x
∗
−i) =

1
γ

Bi(xi, x
∗
−i) +

1
γ2

Ci(xi, x
∗
−i),

where matrices B(.) and C(.) do not depend on γ, and B(.) is diagonal and strictly negative definite

for all xi ∈ Ki. The functions u · Bi(xi, x
∗
−i)u and u · Ci(xi, x

∗
−i)u are continuous and bounded if

xi ∈ Ki and u ∈ {v ∈ IRk+1 | ||v|| = 1}. Therefore it is possible to find a sufficiently large γ

such that for all such xi and u the inequality 1
γ |u · Bi(xi, x

∗
−i)u| > 1

γ2 u · Ci(xi, x
∗
−i)u is satisfied.

This implies that D2
xi

πi(xi, x
∗
−i) is also negative definite for every xi in Ki and all sufficiently

large γ. Hence, a profile of investment levels x∗ = (x∗ii, x
∗
ij)i∈N,ij∈g is an interior symmetric Nash

equilibrium.

To prove the uniqueness of a symmetric equilibrium, it is sufficient to show that the function

F̃ : IR2 → IR2 defined by the right-hand side of the system (16)-(17) is strictly monotonic on some

compact set containing all (u∗, v∗) such that xii = u∗, i ∈ N , xij = v∗, ij ∈ gk, is a symmetric

equilibrium. This can be done by analogy with the first part of the proof.

The condition that γ should be sufficiently large is essential. As numerical examples show, if returns

from R&D activity are too high, no equilibrium exists in the model. ¥

Proof of Proposition 4.4: We first show that the assumptions imposed on functions f(·) and

h(·, ·) guarantee the existence of a symmetric solution to the system of the first order conditions

(20)-(21). Consider a function R(y) = (h′d)
−1(2Ψ1

Ψ2
f ′(y)), and put R(y) equal to 0 if (h′d)

−1(2Ψ1
Ψ2

f ′(y))

is not determined. Essentially, the function R(·) provides the corresponding optimal level of xij for

the given optimal level of xii. By the concavity of the functions f and h (and, therefore, hd(y)),

28



the function R(y) is continuous, non-negative and monotonically non-decreasing for all y ≥ 0. If

(xii, xij) is an interior solution of (20)-(21), then xij = R(xii). The function

2b
(1− δ)(A− c + f(y) + khd(R(y)))

2 + δ(n− 3)
Ψ1f

′(y)− 1

is continuous and strictly positive at zero due to the boundary conditions we imposed. It is strictly

negative if y is sufficiently large. Therefore, there is x∗ii > 0 such that

2b
(1− δ)(A− c + f(x∗ii) + khd(R(x∗ii)))

2 + δ(n− 3)
Ψ1f

′(x∗ii)− 1 = 0.

Let x∗ij = R(x∗ii). By construction, (x∗ii, x
∗
ij) is a solution of the system (20)-(21). By condition

(23) x∗ij is strictly positive. Show now that every function πi(xi, x
∗
−i), i ∈ N is strictly concave if

γ sufficiently large. Without loss of generality, assume that xi belongs to a compact convex set

Ki ⊂ IRk+1
+ . It is sufficient to verify that D2

xi
πi(xi, x

∗
−i) is negative definite for every xi ∈ Ki. The

matrix D2
xi

πi(xi, x
∗
−i) can be represented as a linear combination

D2
xi

πi(xi, x
∗
−i) =

1
γ

Bi(xi, x
∗
−i) +

1
γ2

Ci(xi, x
∗
−i),

where matrices B(.) and C(.) do not depend on γ, and B(.) is diagonal. Moreover, since

pi(g, 0)− ci(g, 0) =
(A− c̄)(1− δ)
2 + δ(n− 3)

> 0,

Ψ1 > 0, Ψ2 > 0, and the functions f(·) and h(·, ·) are strictly concave, all diagonal elements of the

matrix B(·) are strictly negative. The functions u ·Bi(xi, x
∗
−i)u and u ·Ci(xi, x

∗
−i)u are continuous

and bounded if xi ∈ Ki and u ∈ {v ∈ IRn+1 | ||v|| = 1}. Therefore it is possible to find a

sufficiently large γ such that for all such xi and u the inequality 1
γ |uBi(xi, x

∗
−i)u| > 1

γ2 uCi(xi, x
∗
−i)u

is satisfied. This implies that D2
xi

πi(xi, x
∗
−i) is negative definite for every xi in Ki and all sufficiently

large γ. Hence, a profile of investment levels x∗ = (x∗ii, x
∗
ij)i∈N,ij∈g is an interior symmetric Nash

equilibrium.

To prove the uniqueness of a symmetric equilibrium, it is sufficient to show that the function

F̃ : IR2 → IR2 defined by the right-hand side of the system (20)-(21) is strictly monotone on some

compact set containing all (u∗, v∗) such that xii = u∗, i ∈ N , xij = v∗, ij ∈ gk, is a symmetric

equilibrium. This can be done by analogy with the first part of the proof.

As before, the condition that γ should be sufficiently large is essential. If returns from R&D activity

are too high, no equilibrium exists in the model. ¥
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7.4 Four firm example

Suppose that n = 4. Since the factor A − c̄ has no influence on the comparison of profit and

investment levels, we can safely put it equal to 1. Then for a symmetric network gk of degree k,

the equilibrium R&D expenditure levels are

xii =
(

nγ

γ2(n + 1)2 − n− 2k(n− 1)

)2

,

x∗ij =
(

(n− 1)γ
γ2(n + 1)2 − n− 2k(n− 1)

)2

,

for i ∈ N , ij ∈ gk, and the profit of firm i is

πi =
γ2(4(25γ2 − 16)− 36k)

(50γ2 − 12k − 8)2
.

Furthermore, there are 7 asymmetric network architectures. Solving the corresponding systems of

the first order conditions gives the following equilibrium in-house investment levels and profits. For

the network g = {(12)} the equilibrium R&D investment levels are

x11 = x22 =
(

4γ(5γ2 − 4)
5(25γ4 − 42γ2 + 8)

)2

,

x33 = x44 =
(

4γ(γ2 − 2)
25γ4 − 42γ2 + 8

)2

,

and the profits are

π1 = π2 =
γ2(4− 5γ2)2(−1 + γ2)

(8− 42γ2 + 25γ4)2
,

π3 = π4 =
γ2(2− γ2)2(−16 + 25γ2)

(8− 42γ2 + 25γ4)2
.

For the network g = {(12), (13)} the equilibrium investment levels are

x11 =
(

4γ(−1 + 5γ2)
52 + 25γ2(−9 + 5γ2)

)2

,

x22 = x33 =
(

4γ(−7 + 5γ2)
52 + 25γ2(−9 + 5γ2)

)2

,

x44 =
(

4γ(−13 + 5γ2)
52 + 25γ2(−9 + 5γ2)

)2

,

and the profits are

π1 =
(−34 + 25γ2)(γ − 5γ3)2

(52 + 25γ2(−9 + 5γ2))2
,

π2 = π3 =
25γ2(7− 5γ2)2(−1 + γ2)
(52 + 25γ2(−9 + 5γ2))2

,
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π4 =
γ2(13− 5γ2)2(−16 + 25γ2)

(52 + 25γ2(−9 + 5γ2))2
.

For the ”chain” network g = {(12), (23), (34)} the equilibrium investment levels are

x11 = x44 =
(

20γ(−2 + γ2)
82− 240γ2 + 125γ4

)2

,

x22 = x33 =
(

4γ(−4 + 5γ2)
82− 240γ2 + 125γ4

)2

,

and the profits are

π1 = π4 =
625γ2(−2 + γ2)2(−1 + γ2)

(82− 240γ2 + 125γ4)2
,

π2 = π3 =
γ2(4− 5γ2)2(−34 + 25γ2)

(82− 240γ2 + 125γ4)2
.

For the ”star” network g = {(12), (13), (14)} the equilibrium investment levels are

x11 =
(

4γ(2 + 5γ2)
64− 240γ2 + 125γ4

)2

,

x22 = x33 = x44 =
(

20γ(−2 + γ2)
64− 240γ2 + 125γ4

)2

,

and the profits are

π1 =
γ2(2 + 5γ2)2(−43 + 25γ2)

(64− 240γ2 + 125γ4)2
,

π2 = π3 = π4 =
625γ2(−2 + γ2)2(−1 + γ2)

(64− 240γ2 + 125γ4)2
.

For the ”triangle” network g = {(12), (13), (23))} the equilibrium R&D levels are

x11 = x22 = x33 =
(

4γ(−4 + 5γ2)
64− 240γ2 + 125γ4

)2

,

x44 =
(

γ

(
1

8− 5γ2
+

9
−8 + 25γ2

))2

,

and the profits are

π1 = π2 = π3 =
γ2(−4 + 5γ2)2(−34 + 25γ2)

(64− 240γ2 + 125γ4)2
,

π4 =
γ2(−16 + 5γ2)2(−16 + 25γ2)

(64− 240γ2 + 125γ4)2
.

For the ”flower” network g = {(12), (13), (14), (23)} the equilibrium R&D levels are

x11 =
(

4γ(5γ2 − 1)
125γ4 − 255γ2 + 94

)2

,

x22 = x33 =
(

4γ(5γ2 − 7)
125γ4 − 255γ2 + 94

)2

,
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x44 =
(

4γ(5γ2 − 13)
125γ4 − 255γ2 + 94

)2

,

and the profits are

π1 =
γ2(5γ2 − 1)2(25γ2 − 43)
(125γ4 − 255γ2 + 94)2

,

π2 = π3 =
γ2(5γ2 − 7)2(25γ2 − 34)
(125γ4 − 255γ2 + 94)2

,

π4 =
25γ2(5γ2 − 13)2(γ2 − 1)
(125γ4 − 255γ2 + 94)2

,

Finally, for the network g = {(12), (13), (14), (23), (24)} the equilibrium R&D levels are

x11 = x22 =
(

4γ(−4 + 5γ2)
124− 270γ2 + 125γ4

)2

,

x33 = x44 =
(

20γ(−2 + γ2)
124− 270γ2 + 125γ4

)2

.

and the profits are

π1 = π2 =
γ2(5γ2 − 4)2(25γ2 − 43)
(125γ4 − 270γ2 + 124)2

,

π3 = π4 =
25γ2(γ2 − 2)2(25γ2 − 34)
(125γ4 − 270γ2 + 124)2

.

For the equilibrium joint project research investments it is always the case that xij = 9
16xii for

every i ∈ N, ij ∈ g. Assume γ > 4, a condition sufficient for the equilibrium existence. It is easy

to check then that, if |Ni(g)| > |Nj(g)|, then xii(g) > xjj(g) and πi(g) > πj(g). If additionally

|Nj(g)| > 0, then xis(g) > xjt(g) for every s ∈ Ni(g) and t ∈ Nj(g). For instance, for the ”flower”

network it holds that x11 > x22 = x33 > x44. Consequently,

x12 = x13 = x14 > x21 = x31 = x32 = x23 > x41.

For the profit levels it holds that π1(g) > π2(g) = π3(g) > π4(g).

One can also observe that establishing a link always increases the profits of participating players

while it decreases the profits of the rest of the firms. For example, let g be the ”flower” network

and consider the network g′ = {(12), (13), (14), (23), (24)}, g′ = g + (24). It is easy to check that

for γ > 4 π1(g′) < π1(g), π2(g′) > π2(g), π3(g′) < π3(g), π4(g′) > π4(g).
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